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ABSTRACT: The low-momentum expansion of the two-loop four-graviton scattering ampli-
tude in eleven-dimensional supergravity compactified on a circle and a two-torus is consid-
ered up to terms of order S R* (where S is a Mandelstam invariant and R is the linearized
Weyl curvature). In the case of the toroidal compactification the coefficient of each term in
the low energy expansion is generically a sum of a number of SL(2, Z)-invariant functions
of the complex structure of the torus. Each such function satisfies a separate Poisson equa-
tion on moduli space with particular source terms that are bilinear in coefficients of lower
order terms, consistent with qualitative arguments based on supersymmetry. Comparison
is made with the low-energy expansion of type II string theories in ten and nine dimensions.
Although the detailed behaviour of the string amplitude is not generally expected to be
reproduced by supergravity perturbation theory to all orders, for the terms considered here
we find agreement with direct results from string perturbation theory. These results point
to a fascinating pattern of interrelated Poisson equations for the IIB coefficients at higher
orders in the momentum expansion which may have a significance beyond the particular
methods by which they were motivated.
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1. Introduction

B. Interactions from circle compactification to ten dimensions
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The rich network of string theory dualities provides powerful constraints on the structure

of M-theory. These are particularly restrictive for maximally supersymmetric backgrounds

although the full power of maximal supersymmetry has proved difficult to exploit. The

purpose of this paper is to further investigate the small corner of string theory associated

with the low-energy expansion of the four-graviton scattering in nine or ten dimensions

and its connection to eleven-dimensional supergravity. In terms of an effective action, this

corresponds to an investigation of terms involving derivatives acting on four powers of the

linearized Riemann curvature.



More precisely, our aim is to further develop the connections between multi-loop eleven-
dimensional supergravity compactified on S' and 72 and the type II superstring theories,
making use of the conjectured relationships between M-theory and type IIA and IIB su-
perstring theories [ -H]. In earlier work, a number of terms in the low-energy expansion of
the type II string theory amplitudes were determined from the compactified one-loop and
two-loop supergravity amplitudes [J—f. The fact that the full, nonperturbative moduli
dependence of the string amplitudes was reproduced is presumably a consequence of the
constraints of maximal supersymmetry on ‘protected’ terms. In the absence of a complete
understanding of which terms are protected it is of interest to pursue the connections with
quantum supergravity further. Here we will develop the low-energy expansion of the two-
loop supergravity amplitude in a more systematic fashion and determine several orders
beyond those considered previously. We will, furthermore, investigate the extent to which
this makes contact with the type II string theories in nine and ten dimensions. We will find
that the scalar-field dependent coefficients of the higher-derivative terms in the expansion
satisfy a suggestive pattern of differential equations on moduli space. Comparing these
coefficients with known ‘data’ from the low-energy expansion of tree-level and genus-one
perturbative string theory in nine and ten dimensions [f], [J] shows a surprising degree of
agreement. Although it is obvious that there is far more to M-theory than perturbative su-
pergravity, these results suggest patterns that could persist to all orders in the low-energy
expansion.

1.1 Overview of low orders in the momentum expansion

In ten dimensions there is a clear distinction between type IIA and type IIB superstring
theories even though it is known that they have identical four-graviton amplitudes at
least up to, and including, genus-four in string perturbation theory [[LI]. The IIA theory
has a single real modulus, and at strong coupling this is identified with the radius of
a single compact dimension in eleven-dimensional supergravity [B]. The ten-dimensional
IIB theory has a complex modulus (a complex scalar coupling constant) that is identified
with the complex structure of the torus in the 72 compactification of eleven-dimensional
supergravity in the limit in which the torus volume vanishes [[3, fi]. Invariance of M-theory
under large diffeomorphisms of 72 implies that the IIB theory possesses a SL(2,Z) duality
symmetry that relates strong and weak coupling in a manner that involves both the
perturbative and non-perturbative (D-instanton) interactions. After compactification to
nine dimensions on a circle the two string theories are identified by the action of T-duality,
which inverts the radius of the compact dimension and transforms the dilaton appropriately.
The nine-dimensional duality group is SL(2,Z) ® RT.

Although the explicit calculations in this paper concern the four-graviton amplitude,
maximal supersymmetry ensures that the conclusions apply equally to the scattering of
any four states in the supermultiplet. In fact, maximal supersymmetry guarantees that
the general type ITA or IIB amplitude has the structure!

4
A s = F(s, 6 w) Re 6y 0000 (1.1)

I'We are grateful to Nathan Berkovits for emphasizing the generality of this structure.



where we have labeled each external massless particle by its superhelicity (., which takes
256 values (the dimensionality of the maximal supergravity multiplet) and its momentum
pr (r =1,2,3,4), where p? = 0. F(s,t,u) is a function of the Mandelstam invariants? s, t,
u. The kinematical factor in ([L.1]) is given by (see (7.4.57) of [LJ])

AA’ ~-BB’ ' -DD’ o
R ¢ coca (P12, 13,p0) = (PP 59 PP Kapep Kapronnr (1.2)

¢APB run over both vector and spinor

where the indices A, B on the polarization tensors
values (for example, the graviton polarization is (", where pu,v = 0,1,...,9) and the
tensor K K is defined in (). For the purposes of this paper we will consider the case of
external gravitons for which R reduces to the the momentum-space form of the linearized

Weyl tensor,
Ruupa = _4p[,uCyHopp} > (13)

where the symmetric traceless polarization tensor satisfies p#(,, = 0. The kinematic
factor Ré,Cz,Cs,C , in (1) becomes R*, which denotes the product of four Weyl curvatures
contracted into each other by a well-known sixteen-index tensor (often denoted tgtg).

The low-energy expansion of the four-particle amplitude requires the expansion of the
function F(s,t,u) in ([.1) for small s,¢,u. This can be expressed as a complicated mix-
ture of terms that are analytic and nonanalytic functions of the Mandelstam invariants.
The analytic terms may be expanded as power series’ in integer powers of s, ¢t and u in
a straightforward manner. The lowest-order terms contain the poles and contact terms
characteristic of the supergravity tree diagrams. A great deal is also known about higher-

order analytic terms up to order o’ 6

. The nonanalytic terms contain massless threshold
singularities whose form is determined by unitarity and depends on the number of noncom-
pact space-time dimensions. Generically, there are fractional powers or logarithmic branch
points, giving rise to non-integer powers of s or log s factors.

In what follows we shall separate the low-energy expansion of the ten-dimensional

amplitude in either type II theory into the sum of an analytic part and a non-analytic part,
.4
Arr = io* (AGy + Apgm), (1.4)

where A7 has been normalized to be dimensionless. In the IIB theory the coefficients in
the series in the analytic term A{} in ([.4) are SL(2, Z)-invariant functions of the complex
coupling and the series has the form
an __ p+%q_% 5 Q ~DA~q R4 1 5
IIB = Z 9B (p,q)( ) 5365 R, (1.5)
p=0,q2—1
here

The factors 6464 are the most general scalars that are symmetric monomials in s, ¢,

(1.6)

u of order 2p + 3q. The functions &, ;)’s are modular functions of the complex scalar,

2The (dimensionless) Mandelstam invariants, s = —a’ (p1 + p2)?, t = —a’ (p1 +p4)? and u = —a/ (p1 +
pg)z7 are subject to the mass-shell condition s + ¢+ u = 0 and Vo’ = [ is the string length scale.



Q = Qq + i)y, where
M =CO, Q= =g, (1.7)

and C(© is the Ramond-Ramond scalar, ¢p is the type IIB dilaton and gp is the type
IIB coupling constant. The expression ([L.§) includes the Born term with its poles and the
coefficient &, _1) = 1. The nonanalytic contribution is a series that contains multi-particle
thresholds of symbolic form

3
e = <Slog(—8) + 93 Fa(Q) s* log(—s) + g F5(€) 5" log(—s) +> RY, (1)

where the F,.(2)’s are modular functions of 2, which begin with terms that are genus-one
or higher.
The coefficients in the expansion are known up to terms of order 63 R,

1 1
Anp = e 2R + e 982 B3 (Q) R + ¢?5/%2 E5(Q) 62 R
303 2 2 2

1 .
+€¢BE 5(3/273/2)(9) o3 R4+ ... , (1.9)

The terms in ([.9) are analytic in s, and u and translate into local higher-derivative
interactions in a SL(2, Z)-invariant effective action,

/5

! / APz =g [e—%’ ROO 4 /% ¢=98/2 Es(QR' + %e%/? Es () D'R!

SUB = —5—=
o/ 2776

16
+‘%e¢’3 £,3)(Q) DGR‘ﬂ o (1.10)

where R19) is the curvature scalar, g the ten-dimensional type IIB string metric and the
coefficients E,(€2) and E(% %)(Q) will be described below. The derivatives in ([l.1() are
contracted so that the four-point amplitude contributions arise in a manner that is defined
by the pattern of Mandelstam invariants in ([.9). From ([[.9) it follows that the coefficients
in ([L.5) are given by

E

o@D =Fy0),  Eag@) =3B, Eon@=Een®@). (L)

5
2 22

N |

The quantities E, in ([Ld) and (L10) are Eisenstein series that solve the Laplace
eigenvalue equations on the fundamental domain of SL(2,7Z),

0? o

— 02
anE, =% (567 + 303

> E;=s(s—1)Es. (1.12)
Given the fact that the Ej is a SL(2,Z) function that can have no worse than power
growth as Q9 — oo (which is required for consistency with string perturbation theory at
weak coupling) the solution of this equation is uniquely given by

25
(m,n)#(0,0)



which can be expanded at weak coupling in the form
I(s - 1)¢(2s - 1)
I'(s)

278 _ W _ s(s—1)
121Nk, ) 2R k)| 1<1+7+...> NCRY
P et (14 5] (114

Ey(Q) = 2¢(25)Q5 + 2705 °

The two power-behaved terms in this expansion correspond to the tree-level and genus-
(s —1/2) contributions in string theory,® as can be seen by taking into account the powers
of e?8 in ([L.Y) and identifying 95 ! with the IIB string coupling, g5. The exponential terms
correspond to the infinite set of D-instanton contributions.

The fact that £ 0) () = E3/2(9) is the coefficient associated with the R* term in ([.g)
was initially deduced via indirect arguments [[[4, fj]. One of these made use of properties
of loop amplitudes of eleven-dimensional supergravity compactified on a circle or on a
two-torus, combined with dualities that relate M-theory to type II string theory in nine
dimensions. In this way the function Es/5(€2) describes the dependence of the low-energy
limit of the one-loop (L = 1) four-graviton scattering amplitude on the modulus of the
compactification torus [[f]. The ultraviolet divergence, which behaves as A3R*, where A is
a momentum cutoff, is independent of 2 and can be subtracted by a local counterterm. The
coefficient of this counterterm is fixed by requiring the ITA and IIB amplitudes to be equal,
as they are known to be. The modular function E3/; can also be derived as a consequence
of supersymmetry combined with SL(2, Z)-duality [[§]. Although it is suspected that the
other modular functions appearing in higher derivative terms (at least up to the order shown
in (L.g)) should also be determined by supersymmetry combined with non-perturbative
dualities, there is no systematic procedure for doing this (a sketchy outline is given in
section f] of this paper).

Expanding the L = 1 supergravity amplitude in powers? of S, T and U leads to
higher-order terms in the derivative expansion of the form [f, [f]. This results in an infinite
set of analytic terms that are interpreted in IIB string coordinates as modular invariant

coefficients multiplying powers of order 7’}15,_2]“ s

o0
Ap=1=18 (9;%Eg(Q)R4 +> I 7”§2k92_%Ek_% (Q)s™ R4> e (1.15)

k=2
where the ellipsis stand for the non-analytic contributions [[j] and hj, are simple constants
and S® is a polynomial in &5 and &3 of order k = 2p + 3¢ in the Mandelstam invariants.
All contributions with £ > 2 vanish in the ten-dimensional type IIB limit where the two-
torus volume, Vs, vanishes. So we see that in the ten-dimensional limit the compactified

3In order to avoid confusion, we will refer to the number of ‘loops’ (denoted by L) in the context of the
supergravity Feynman rules, and the ‘genus’ (denoted by h) in the context of the string theory perturbative
expansion.

4The dimensionless Mandelstam invariants of eleven-dimensional supergravity are denoted by upper case
letters S = —I31 (p1 + p2)?, T = =131 (p1 + pa)?, U = =13, (p1 + p3)?, where 13 is the eleven-dimensional
Planck length, and related to the invariants in the ten-dimensional string frame by S = Ri1s ..., where
R11 is the radius of the eleventh dimension.



one-loop (L = 1) eleven-dimensional supergravity amplitude contributes only at order R*.
In order to obtain higher-derivative interactions one has to consider eleven-dimensional
supergravity at higher loops (L > 1). The coefficient £y o) = E5/2(2)/2 of the ten-
dimensional IIB theory indeed arises from a one-loop subdivergence of the low-energy limit
of the two-loop amplitude of eleven-dimensional supergravity compactified on a two-torus
in the limit in the limit V> — 0 [, §.

The function ¢ 1) () in ([H) is obtained by expanding the two-loop supergravity
amplitude to the next order in S, T, U and compactifying on a two-torus [§]. It satisfies
the Poisson equation

A€o,y = 12801 — E% E% , (1.16)

in which the source term on the right-hand side is quadratic in the O(«/ 3) modular func-
tion Ej/5. We will denote the solution to this equation by £ 1y = E(3/2,3/2)/6, as in [S[8
This source term makes the equation quite different from the Laplace eigenfunction equa-
tion ([L.1). Its structure was argued in [§ to follow, at least qualitatively, from the con-

straints of supersymmetry. The solution of ([l.1¢]) is complicated, but the zero-mode of
&€(0,1), which contains the perturbative terms, is found to have the form

3 4 4
/_ 27" £ dh =§<<3)293 +5¢(2)¢3) + 24(2)2952 + 570(6)% " + O(exp(—4m ()

(1.17)
so it contains tree-level, genus-one, genus-two and genus-three perturbative string theory

(NI

terms as well an infinite series of D-instanton — anti-D-instanton pairs. The tree-level
and genus-one terms agree precisely with direct string theory calculations, while the genus-
two term has not yet been extracted directly from string theory. The genus-three term
cannot yet be computed in string perturbation theory but it is gratifying that the value
of its coefficient agrees, as it should, with that of the genus-three term in the ITA theory
that is predicted from one loop in eleven-dimensional supergravity compactified on S?.
This agreement is striking since extracting the coefficient in the IIB theory from the L =
2 amplitude involves the use of a Ramanujan identity (see appendix [D.1]), whereas the
coefficient in the ITA theory obtained from the I = 1 amplitude arises from a simple
integral. Although there is no proof that £ 1)(€2) is the exact modular function, these
agreements strongly suggest that it is. It is notable that the terms in the expression ([1.17)
are not of uniform transcendental weight. Whereas, there is a correlation of the power of
Q5 and the weight of the ¢ values for the first three terms, this breaks down for the genus-
three term. We will see an analogous lack of transcendentality in many of the examples to
be described later in this paper.

The first nonanalytic term beyond the Born (pole) term arises at order o * and comes
from the ten-dimensional supergravity one-loop diagrams. It has the symbolic form given
by the first term on the right-hand side of ([.§). Its precise expression, reviewed in [[[(],
has a much more complicated threshold structure but it has the notable property that the
scale of the logarithm cancels, using s +t + u = 0.

Obviously the analysis of Feynman diagrams of eleven-dimensional supergravity has
limited use since it does not capture the full content of quantum string theory, or M-theory.



To begin with, eleven-dimensional supergravity is not renormalizable. Our procedure is to
regulate the ultraviolet divergences by introducing a momentum cutoff and subtracting
the divergences with counterterms. The result is finite but the counterterms contribute
arbitrary coefficients that parameterize our ignorance of the short-distance physics. How-
ever, at low orders the values of some of these coefficients are known to be determined by
supersymmetry if we also assume the result should be in accord with string dualities. One
of the aims here is to investigate the extent to which this continues at higher orders.

A related issue is that the Feynman diagrams describe a semi-classical approximation
to the theory in a particular classical background space-time. This can only be motivated
in the limit in which the radii of the compact dimensions are much larger than the eleven-
dimensional Planck length. This means Ry; > 1 for the S' compactification (where Ry
is the dimensionless radius of the eleventh dimension in Planck units). This is the limit of
large IIA string coupling, g4 = Ri’{z > 1. Bearing in mind that this is far from the regime
of string perturbation theory, we will see to what extent there is agreement between the
compactified two-loop Feynman diagrams and corresponding perturbative string theory
results. For the 72 compactification the analogous condition is Vo = RygRy1 > 1 (where
Vs, is the dimensionless volume of 72 in Planck units). In H1A string theory compactified to

nine dimensions this is the limit in which r4 = 1/rp > 9257 where r4 is the radius of the
compact dimension (in string units). Nevertheless, the coefficients of the R*, D*R* and
DO R terms reviewed above give the correct values in the rg — oo limit — presumably
the extrapolation from small rg to large rp works because these terms are protected
by supersymmetry. The low energy limit we are considering is one in which S R?; <
1. Since the supergravity loop diagrams are ultraviolet divergent we will also introduce
a dimensionless momentum cutoff A > Rl_ll > 1 measured in units of [y; the eleven-
dimensional Planck length. We will see that the low energy expansion of the Feynman
diagrams possesses a very rich structure. In particular, the coefficients that depend on
the scalar fields satisfy a series of mathematically intriguing Poisson equations that are

(]

nontrivial extensions of ([[.14) satisfied by & 1), as we will see.

1.2 Outline of paper

In this paper we will consider the higher-order terms in the low-energy expansion of the
four-graviton amplitude that are obtained by expanding the two-loop amplitude of eleven-
dimensional supergravity, compactified to ten dimensions on S' and nine dimensions on
T2 to several higher orders in the Mandelstam invariants.

The four-graviton amplitude ([L.4) at two loops (L = 2) in maximal supergravity has

the form [[L]
6
an nonan __ - K11 4
Asugra + Asugra _Z2 (271')22 l%% R I(Sv T, U) 9 (1'18)

where the scalar function Z(S,7,U) has the structure

(S, T,U) = S21¥(S, T, U) + T*1"(T; U, S) + U*IV)(U; S, T) . (1.19)



The terms in brackets are sums of ¢? scalar field theory two-loop planar and non-planar
ladder diagrams,

189S, T,U) = I7(S; T,U) + 17 (S; U, T) + IVP (S;T,U) + INP(S,U,T), (1.20)

with analogous expressions for I(T) and (V). The expression (L:18) has an overall prefactor
of R*, which has eight powers of the external momenta, together with four more powers
from the factors of $2, T2 or U2?. This means that the loop integrals, I) and I(VP),
are much less divergent than they would naively appear. We will be interested in the
compactified amplitude, so that Z(S,7,U) is a function of the moduli of the compact
space. Ignoring for the moment the nonanalytic pieces, we shall expand the analytic part
of Z(S,T,U) in a power series,

I“"(S, T, U) = Z n(pg)ag O'g I(p7q) N (1.21)
P,q20

where I, ;) is a function of the moduli that will be defined by the integral (£.54) and the
constant coefficients n, ) can be read off from (R.55). Note that Iy o) = 0 since the well-
known R* term only arises at one loop. The dependence on the Mandelstam invariants
in ([[.2])) is contained in the o2 and o3, which are defined by

op=S"+T"+U" (1.22)

(whereas in the string variables we used the symbol &, in ([Ld)). The coefficients I,
in ([L.21)) depend on the 7™ moduli in a manner to be determined. The infrared massless
threshold effects give rise to nonanalytic terms that we will also need to discuss.

In section ] we will show how the expression for Z(S,T,U) can be reexpressed in a
useful form that would also arise naturally in a world-line functional integral describing the
two-loop process. This involves attaching vertex operators for external states of momentum
pr (r =1,2,3,4) to points ¢, on the three world-lines, of length Lj (k = 1,2,3), of the
two-loop vacuum diagram. The amplitude involves the the usual factor of exp(— Zn < Dre
ps Grs), where G, is the Green function connecting pairs of points on these world-lines, as
discussed in [[7. This provides a very compact expression for the sum of all diagrams as
an integral over all insertion points ¢, and over the lengths Ly of the three world-lines, with
an appropriate measure. The low energy expansion is obtained, formally, by expanding the
integrand in powers of the Green function

1 o 4 N
eXp <_ Z DPr .p5G7’5> = Z ﬁ<_ Z Pr 'pSGrs> s (123)

r,s=1 N=0 r,s=1

which are to be integrated over the positions ¢, with a specific measure.

We will discuss a ‘hidden” modular invariance that acts on the three Schwinger param-
eters, Ly. This symmetry is particularly useful in evaluating the compactification of the
amplitude on a spatial n-torus and was used in [[f, f] in evaluating terms of order D* R4
and DS R*. This becomes more explicit after a change of variables from the Schwinger



parameters, L, to variables 7y, 7o and V. The quantity 7 = 71 + 972 enters in a manner
analogous to the modulus of a world-sheet torus embedded in the target space in genus-one
string theory. After the above redefinition of variables we will see that the coefficient I, 4
in ([L.21) has the schematic form (the precise coefficients will be included later)

2
Lipg) = / dVVe—2r=3a / dT—QQT By (M) Dy (Grss V,7) (1.24)
where I'(, ) is a lattice factor that contains the information about the compactified target
space with metric Gyy (I,J = 1,--- ,n). It will be important that the integrand is invariant
under SL(2,7Z), when suitably extended outside the fundamental domain. This integral has
ultraviolet and infrared divergences, depending on the values of p and g. These will require
a careful treatment of the integration limits, which will be discussed in detail in section P.3.

An important property of the coefficients, B, 4 (7) in the integrand is that they can
be written as sums of components b (1),

(p,q)
[3N/2]
Bpg(m) = D b %(7) (1.25)
=0

where N = 2p + 3¢ — 2 and the components satisfy Green function equations in 7 of the
form

(AT - T(r + 1)) b7(np7q) = T2 C€p7q) (7—2) 5(7—1) Y (126)

where A, = 73 (9% +62), Clpg) 158 polynomial in 72 +7; ! of degree N —1 (see appendix [
for details). This property will be used extensively to determine I (p.q)-

The S!' compactification to ten dimensions will be described in section [, together
with appendix §. This will lead to coefficients for higher-momentum terms in the type IIA
theory up to order S R*. Although this reproduces the terms considered in earlier work,
important new issues are encountered at order S*R* (k = 4) where further non-analytic
terms arise. Such nonanalytic behaviour arises from infrared threshold effects that are
not captured by the power series expansion ([[.23), so we will be careful to regulate the
infrared limit of the integrals. In ten dimensions unitarity implies that such thresholds are
logarithmic and arise at this order in o’ at genus-one and genus-two. Further logarithmic
singularities arise at genus-two at order s°R*, and at genus-one and genus-three at order
sO R, with a complicated pattern of thresholds at all orders in o’ thereafter. Unlike in the
case of the lowest-order nonanalytic term ([.§), the scales of the logarithms, which we will
not evaluate, do not cancel. The translation of these supergravity results into the language
of type ITA superstring theory is summarized in section B.3.

Compactification to nine dimensions on a two-torus will be considered in section [4.
The coefficients in the expansion now have a richer structure since they depend on the
three moduli of 72, or the complex coupling, €2, and the radius of the compact dimension,
rp, in the type IIB string theory language. Each term with a distinct kinematic structure

5We would like to thank Don Zagier for explaining the mathematical significance of this decomposition

— 10 —



must have a coefficient that is an independent function that is invariant under the nine-
dimensional duality group, SL(2,Z) x RT. We will determine certain analytic terms in the
double expansion of the amplitude up to order S®R? that are associated with particular
inverse powers of rg. In order for the Feynman diagram approximation to have a chance
of being a sensible approximation it is necessary that rg < 1, or 74 > 1. The coefficients
will be modular functions of €. In fact, we will see that each coefficient is generally a
sum of a number of modular functions that satisfy independent Poisson equations analo-
gous to ([L.I6). The structure of these equations, which generalizes ([.19), is summarized
by ([.15), which is one of the most intriguing results of this paper.

In nine dimensions almost all the low-order nonanalytic terms have branch points that
are non-integer powers of the Mandelstam invariants rather than logarithms, and so they
can be separated from the analytic part unambiguously — the exception is the term of
order S° log(—S), which is the contribution from nine-dimensional supergravity and can
be obtained by dimensional regularization, as summarized in appendix [E.3. However, there
are terms that are power-behaved in r as well as terms containing, factors such as log 2,

T A series

which is nonanalytic in r, and exponentially suppressed terms of the form e~
of terms that are power behaved in rp was seen to arise from the expansion of the L =1
supergravity amplitude in () Similarly, we will find that the momentum expansion of

the L = 2 amplitude gives a sum of higher-momentum modular invariant terms,

an N+ + AD A
L:2—ZZZ7‘1 g2 48(() )(Q)0§0§R4, (1.27)

a>1p>0

for various values of [ that will be specified later. Terms proportional to r reproduce
the d = 10 expansion, so that 5((27)(1) = &(p,q)- All contributions with [ > 0 vanish in
the ten-dimensional type IIB limit, but they give rise to well defined modular functions
in nine dimensions. In addition to terms that are power-behaved in the radius ra4 or
rp, there are also terms proportional to logra or logrg. Such terms arise explicitly at
genus-one in nine-dimensional string theory [[(]. For example, there is a term of the form
rlogr x s*R*, which is intimately related to the presence of the genus-one s*log s R* term
in ten dimensions determined in [[[4]. We will see in the following that this dependence on r
can also be seen from the 72 reduction of two-loop (L = 2) eleven-dimensional supergravity.
Terms of the form e~ “"B that arise in string theory when 2p + 2g > 4 are not reproduced
by Feynman diagrams at any number of loops.

Perturbative contributions to the string amplitude are obtained from the weak-coupling
expansion of these modular functions (making use of the methods described in appendix [D]).
Each term in the momentum expansion derived in this manner is accompanied by a par-
ticular inverse power of the radius rp and the new terms do not contribute in the large-rp
limit. However, after T-duality to the ITA theory, we are able to compare a number of
coeflicients with those derived explicitly from genus-one in string theory compactified on
a circle [[d] and find precise agreement. Special issues concerning the terms that contain
log r factors will also be discussed. The issue of the pattern of logarithms is intimately
related to the threshold behaviour in maximal supergravity in various dimensions. In ap-
pendix [ we will evaluate the supergravity amplitude in nine, ten and eleven dimensions,
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Figure 1: The two-loop four-graviton amplitude in eleven dimensions. (a) The S-channel planar
diagram reduces to S? R* multiplying a scalar field theory double-box diagram. (b) The S-channel
nonplanar diagram reduces to S? R* multiplying a nonplanar scalar field theory two-loop diagram.
(¢) The triangle diagram with a one-loop counterterm at one vertex that subtracts a sub-divergence.
(d) A new two-loop primitive divergence.

making use of dimensional regularization. These expressions are of relevance to various
pieces of the argument in the body of the paper. For example, in ten dimensions the pole
term gives rise to a term of order S° log S R* that is identified with a genus-two contribu-
tion to s® log s R* in ten-dimensional string theory. In section [ we will sketch the way in
which supersymmetry constrains higher derivative terms and argue that the structure of
the Poisson equations satisfied by the coefficients of the terms in the derivative expansion
of the nine-dimensional IIB theory can be motivated by supersymmetry.

2. Properties of the two-loop supergravity amplitude

It has been known for a long time that the sum of one-loop Feynman diagrams that con-
tribute to four-graviton scattering in maximal supergravity in any dimension has the form
of a box diagram of ¢? scalar field theory multiplying R*, where R is the linearized Weyl
curvature, as discussed in the introduction. Similarly, the sum of all two-loop diagrams,
A(S,T,U), is very economically expressed in terms of two particular diagrams of ¢ scalar
field theory [[[§]. These are the planar double-box diagram, I”(S, T of figure f(a), and the
non-planar double box diagram, IV* (S, T') of figure [l(b), together with the other diagrams
obtained by permuting the external particles. In addition, one must include the one-loop
triangle diagram of figure [ll(c) containing a one-loop counterterm at one vertex (indicated
by the blob), which subtracts the one-loop sub-divergences from the two-loop diagrams. In
addition there are two-loop primitive divergences (that are indicated by the double-blob in
figure fl(d)).

The two-loop integrals appearing in the amplitude are sums of planar and non-planar
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pieces, ([[.20). We are interested in compactifying these expressions on the n-torus 7" with
n =1 or 2. After manipulations that are given in [[f] the loop integrals can be expressed
as integrals over seven Schwinger parameters, one for each propagator. The integrations
over loop momenta in the compact directions are replaced by sums over the Kaluza-Klein

integers in each loop my and ny, where I = 1,...,n. After performing the integration over
the continuous (11 — n)-dimensional loop momenta, the planar and non-planar diagrams
reduce to
7T11—n [e’] Ls tq Ly to 11
IP(S;T,U) = —; / dLydLaydLsT (;, ) / dty / dts / dty / dt ATz e (2.1)
Vi Jo 0 0 0 0
and®
qll-n oo L3 Lo Ly t2 n—11
I"P(S:T,U) = —; / dLydLod L3l / dts / dty / dts / dti A2 e"NP (2.2)
Vi Jo 0 0 0 0
where

A=1L1Lo+ L3lq+ LoLg. (2.3)
The lattice factor I'(, ,,) is defined by
F(n,n)(G1J§ {Ly}) = Z e—wG”(L1m1mJ—|—L3n1nJ+L2(m+n)1(m+n)J) ) (2.4)
(m17nI)GZ2n

where G!7 is the inverse metric on 7" and V,, = v/det Gy, is its volume. The quantities
hp and hyp are given by’

L
hp = Tf(t4 — t3)(ty — t1) (2.5)
45 | L2 (Lyts — Lat1)(Lity — Lt )+it (L3 —t )+it (L1 — t)
TiLsA 113 3t1)(Lata 3t2 L33 3= ta) it~
1
= Z (—S(tltg(Lg + Lg) + t3t4(L2 + Ll)) + T(t2t4 + tltg)Lg + U(t1t4 + t2t3)L2)
+St3+ Sty
and
1
hyp = TZ(Lgtg — Laty)(ta — t1) (2.6)

1 1
—(Lqty — L L — Lat —t1(L1 — ¢
+S (LlA( 1t4 ot1)(Lats 32)+L1 1(Lq 2)>

1
= Z (S(—tltg(Lg + Lg) + t3t4L1) + T(t1t4L3 + t2t3L2) + U(tltgLQ + t2t4L3)) + St .
In writing these expressions we have ignored the ultraviolet divergences, which are mani-
fested as divergences at the Ly = 0 endpoints (k = 1,2, 3) that will be regulated by a cutoff

in subsection (as in [[]). The complete expression, Z(S,T,U) in ([.19) is obtained by
summing the S-channel, T-channel and U-channel diagrams.

SIn this section we ignore the ultraviolet and infrared divergences. A treatment of these divergences and
a proper definition of the integration limits of the integrals will be discussed in section @

"The variables in this section are related to those of [ﬂ] by Lt = X\, Ly = p, Lz = o, t1 = Liwi,
to = Liws, t3 = L3vi and in the planar case, t4 = L3zv2, while in the non-planar case, t4 = Lou;.
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Figure 2: (a) A planar diagram is represented by the skeleton with a pair of external states
connected to each of two internal lines. (b) The nonplanar configuration in which one pair of
external states is attached to a single line and the other states are each attached to separate lines.
Integrating the positions of the four states over the whole network generates the sum of all Feynman
diagrams.

2.1 World-line presentation of the two-loop amplitude

The above structure of the two-loop amplitude can, in principle, be deduced by considering
the quantum mechanics functional integral associated with the world-lines for the internal
propagators in the two-loop diagrams. This has a structure that bears a close resemblance
to the world-sheet description of the genus-two string theory amplitude (although that
is formulated in ten-dimensional space-time). We will here rewrite the expressions for
the two-loop Feynman diagrams of the previous subsection in order to make this explicit.
The advantage of this description is that it naturally packages together the planar and
nonplanar diagrams of the S, T and U channels.

The ‘skeleton’, or vacuum diagram, has three scalar propagators joining the junction A
to junction B in figure Bl The lengths of these lines, Ly (k = 1,2,3), are moduli that are to
be integrated between 0 and oo. The scattering particles with momenta p) (r = 1,2,3,4)
are associated with plane-wave vertex operators that are inserted at positions ¢, on any
of the three lines of the skeleton, as shown in figure . These positions are then to be
integrated over the whole network. Since there are four vertex operators and only three
lines, at any point in the integration domain one pair of vertex operators is attached to
one line, say line 1, while the other two may both be attached to one of the other two lines
(line 2 or 3), which is the planar situation, or else the other two lines may have only one
vertex operator attached, which is the non-planar situation. The labelling of the positions
t, of the vertex operators is arbitrary, but it is convenient to choose coordinates tsakr) for
particle r on line k, such that

ty = tn) (2.7)

where 0 < tﬁk") < Ly,, and tgkl) =0, tgkz) =0, t§k3) = 0 and tflk4) = 0 coincide at the
junction A. In other words, the integral over the whole network decomposes into sectors
labeled by {k.},

4 Ly, Ly
fﬂdtr = Z/ ). / * (2.8)
0 0

r=1 {kr}
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The expression for the Feynman diagrams can be written in a compact form in terms of
the Green function, G5, between two vertices at points ¢, and t5 on the skeleton diagram.
Following [[[7] this is written in terms of two-vectors

vike) — (k) u) 6rin components, v}kr) — ¢(kr) ugkr) , (2.9)

where I = 1,2 labels the loop and ugk) are constant vectors

u® = (1) u® — <—1> L u® = (0 ) (2.10)
0 1 -1

With this notation the sum of all two-loop contributions to the amplitude defined

in (1.1§) and ([L.19) is given by

11—-n e ) 4 B
TS T.0) = S [ L dbadia Ty f TLat w2 A% & Shorn o)

r=1

where G, is the one-dimensional Green function for the Laplace operator evaluated be-
tween the points ¢, and ts on the skeleton diagram, to be discussed below. The lattice
factor is defined in (R-4).

The function W appearing in the measure in (R.11]) is defined by®

3W = (T — U) A12Aszy + (S — T) Aq13Aoy + (U — S) A14Az9
_ S(ugh)ugkz)ug%)ugm) + ugkl)uékz)ugkﬁug/ﬂ))

+T(u§k1)ug€2)ugf3)ugk4) +u§k1)ugk2)u§k3)ug€4))
U B9, 50 4 0, G0 0, ) 2.12)
where
A, =e’ ugkr) uf]ks) . (2.13)

Note, in particular, that A,; = 0 if k. = ks (i.e., t, and t5 are on the same line). Further-
more W = 0 if three of the vertices on the same line (using S+ 7T + U = 0), so that the
only non-zero contributions come from the planar and non-planar diagrams of figure [il. It
is easy to see that in any region in which ¢, and ¢4 are on the same line, W = —6k, - k;, so
that

e W2 =252 ifk; = ko and/or k3 = ky;
o W2 =12 ifky =kyand/or ko = k3 ;

o W2=U? ifk; =ksand/or ko = ky .

8The world-line formulation of the two-loop four-graviton amplitude in ten dimensions would arise from
a field theory limit of four-graviton genus two amplitude in type II superstring theory. The function W,
used here, is the field theory limit of the function Vs that enters the string amplitude derived in @]
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This setup makes contact with the discussion in [[[7], where the Green function for an
arbitrary Feynman diagram of ¢? scalar field theory was described. Our case differs only
due to the presence of a measure factor W2 in (R.11]) which encodes the fact that we are
discussing maximal supergravity. However, the exponential factor involves the same Green
function as in [[I7], which has the form

1 1
i i) + 5 (VDT =y T) g1 () yl0)) (2.14)

Grs = =54, 2

where dt(.’“” 4(ks) is the modulus of the distance between ¢, on line k, and ts on line k,. If
ke = ks then dye o = [t — 8] if ky # Ky then d g w0 = (0 +1*)). The matrix

K~ (analogous to the inverse of the imaginary part of the period matrix in the genus-two
string calculation) is defined by

_ 1 (Ls+ Ly Lo
K1== 2.15
A < Lo L+ L2> ’ ( )

where A is defined in (R.3). The function G, is constructed to be the Green function of
the one-dimensional Laplace operator that satisfies

d2

73 Grs = —0(tr — 1) +p, (2.16)

and G, = 0, where
3 Ly
]épdt = Z/ pF) dt®) =1 (2.17)
k=170

and p(k) is a constant on line k. The presence of p in (R.16) ensures f Gm dts = 0, which
is required by Gauss’ law on the compact one-dimensional network.

The Green function (R.14) satisfying the conditions (R.1§) and (R.17) has a functional
form that depends on whether the points ¢, and ¢5 are on the same line or on different

lines. If ¢, and t4 are on the same line (k, = k)

1 1
o = — e gl 4 (L) (10 2 2.1

where | £m+#k, =k. If they are on different lines (k,#ks) the Green function is given by

Ly D )t 4+ (L Ly ) (182 4 26840 1y )
2A

1

GT’S =

, (2.19)

where | # k. # ks. In verifying the conditions (£.16) and (E-17) we find that p*) =
(L; + L) /A, where k # [ # m. The terms quadratic in a single ¢, or t5 in G,s do not
contribute to the exponent in (R.11]) due to the condition S +7 +U = 0 so the exponential
factor ends up being extremely simple.

The integral over the vertex operator positions, tﬁk"), separates into the two distinct
classes described above, namely: (a) Planar configurations in which one pair is attached to
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one of the three internal lines, and the other pair is attached to one of the other lines; (b)
Non-planar configurations in which one pair is attached to one of the internal lines while
the other vertices are each attached to the other two internal lines. It is straightforward
to see that these contributions are identical to those given by the integrals (R.1]) and (R.9).

The complete integral over the t,’s in (R.11]) automatically adds contributions that
permute the lines and the positions of the four states attached to them. Using these
expressions for G,s and W the expression () reproduces the sum of terms inside the
square bracket in the last line of ([[.1§), which is the sum of planar and nonplanar diagrams
in the S, T and U channels. The expression (R.11) has an obvious discrete symmetry under
the shift k, — k,+1, fixing all ks with s # r (and with the identification ugﬁ‘) = ugl)), which
moves a vertex operator from one line of the skeleton to the next. This can be thought of as
a discrete remnant of the reparametrization invariance of the world-line functional integral
that corresponds to cutting two of the lines of the skeleton to produce four endpoints,
and regluing the endpoints in a different order. One important insight one gains from this
symmetry is that the planar and nonplanar diagrams in all channels are required and their

relative normalizations are fixed.

It is important to exploit the symmetries of the complete integral (2.11]), which auto-
matically combines the planar and nonplanar diagrams and symmetrizes (B-1)) and (P.9)
over permutations of L1, Ly and Lg.

Formally, if we ignore divergences, the low energy expansion of (R.11)) can be written
as a power series in symmetric monomials of the Mandelstam invariants, as in ([.21]), by
expanding the factor of e~ 2-PrPsGrs  The resulting coefficients in (L.21])) may be written as

_ qpli-n

3

_1 34 7

I(p,q) = —N| / de A 5+pP+54q B(p’q)(LQ/Ll,L:a/Ll) F(n,n) , (220)
k=1

where B(p,q) is the coefficient of ohof (which is of order N+2 in the Mandelstam invariants,
with N = 2p + 3¢ — 2) in the expansion of the exponential in the integrand of (R.11]) and
is given by

N

4 4
Z O'gog B(nq)(Lg/Ll,Lg/Ll) = A_2_%N ?{H dt, W2 — Z Dr - Ps Grs
r=1

2p+3q=N-+2 r,s=1

(2.21)
We will need to evaluate the coefficients B(%q) in order to evaluate Z(S,7T,U) in ([L.21).
The first two cases are known. The zeroth order term has N = 0 (p = 1,¢ = 0) and is
given by

~ _ Lkl k Lk4 k
Bugy =A 2 Z / dtg N / dtf1 ) 1, (2.22)
{krye{L,} "0 0

which agrees with [ff. For N = 1 (p = 0 and ¢ = 1), substituting the expression for G
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leads to

- A3
osBon="3- > (

4 L,
H / dtg,kr)) Wz(S(Glg+G34)+T(G14+G23)+U(G13 +Gay))
0

{kr}e{L,} \r=1
Li+ Lo+ L LiLoL
:@< i B N L S 3>, (2.23)
12 Az A2

in agreement with [§ (allowing for the extra normalization factor of 1/12). In evaluating
the integrals over Ly in (R.2() care must be taken to subtract the ultraviolet divergent
parts, as we will review later. There are also singular infrared effects associated with the
occurrence of massless particle thresholds, giving rise to nonanalytic behaviour that is not
captured by the expansion (JL.21)), as will also be seen later.

First we will describe a change of integration variables that is very useful for evaluating
the integral.

2.2 Redefinition of the integration parameters

As in [§] it is very useful to redefine the Schwinger parameters by replacing L1, Lo, L3, by
the variables V and 7 = 71 + imy, defined by

Iy VA

- ’ Ty = - V=A2 2.24
! Lo+ Ly 2 Lo+ Ly ( )
The integration measure transforms as
av d*r
dlydLadlLs =2— —-. (2.25)
V4 12
The ranges of the new variables are
1 1
0< <1, |7’—§|2§, 0<V <00, (2.26)

which is the shaded region shown in figure fJ(a). This is a fundamental domain of the group
I'o(2). The three segments of the boundary of this region are: 71 = 0 that comes from
Ly — 0 with Lo, L3 fixed; 71 = 1 that comes from Ly — 0 with Ly, L3 fixed and |7]?—7; = 0
that comes from L — 0. with Lo, Lg fixed. It follows that that the ultraviolet divergences,
arise at the boundary of this region. From its construction it is evident that the sum of
two-loop integrals is invariant under the action of the symmetric group, &3 on the three
parameters Ly, Ly and L3, which maps the six regions in the shaded domain in figure fj(a)
into each other. The action of the two-cycles in & on the Schwinger parameters is given
by the following actions on 7,

1 *
Li—Ly : 7—1—7% Ly L3 : T—>—, Lee=Ly: 17— T
T

where 7* = 7| — i1y is the complex conjugate of 7
It is also easy to see that the integrand is invariant under the 7' and S transformations
defined by

T : Ly — 201+ Lo, Ly — —1Lq, Ls — 2L+ L3, (2.28)
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(a) ()

Figure 3: (a) The region of integration of 7 = 74 + im is equivalent to a fundamental domain
of T'y(2). Ultraviolet divergences arise on the boundary of this region. (b) The integrand can
be mapped into a threefold cover of the fundamental domain, F, of SL(2,Z). The ultraviolet
divergences arise from the 7 = 0 axis.

and
S L — —Lq, Lo — 201 + L3, L3 — 2L+ Lo. (229)

Invariance under the these transformations depends on the invariance of the lattice factor
[ (pn)- For example, consider the S ! compactification, where the lattice factor Can({Lr})
is given as a sum over m and n in (R-4). The T transformation is an invariance when
accompanied by the shift m — m + n. Likewise, the S transformation is an invariance
when accompanied by the transformation m — —n, n — m. In terms of the new variables
these transformations become

1
T: 7—-71+1, S: T—>—=. (2.30)
T

Note that the cyclic permutation of the Schwinger parameters is generated by
TS : Ly — Ls, Ly — Ly, L3 — Lo, (2.31)

We may now use the S and T transformations to map the shaded domain in figure [J(a)
into a three-fold cover of the shaded area in figure f(b). This is F, the fundamental domain
of SL(2,Z), which is defined by {—3 <7 < 1, |7 > 1}. The boundaries at 7, =0, 7, = 1
and |7| = % in figure [J(a) map into the line 71 = 0 in F. In other words the integral over

the domain (R.24) is three times the integral over F.
In terms of 7 and V the matrix K ! in (R:I5) takes the SL(2, Z)-covariant form

-V <|T|2 71) 7 (2.32)

T\ 1 1

while (2.14) becomes

1 %4
Grs = __dtrts +

kr ks kr ks
: o) — o) () — oy 2 (2.33)

2m
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For much of what follows it will be useful to perform Poisson resummations on the

Kaluza-Klein modes (my,ny) to express the lattice factor in terms of winding numbers

(!, nl), just as in [{,°

Ly (Gry; V,m) = Vy A™2 L) (G Vi), (2.34)

so that the n-dimensional lattice factor in (R.1), (B.2) and (R.4) is given in terms of sums
over winding numbers by

- —n SLL (] il 1) (i +7 7 —r
Liun)(Grr; Vor) = Z o S (T L) 407 T) Z eE | (2.35)
(! nl)ezn (m!,pl)ezn

where we have defined
GrJ
T2 \%4

E(GryV,7) = !

(m! +nlr)(m? +0/7). (2.36)
This expression is familiar in string theory as the partition function for the mapping of
a world-sheet torus with complex structure 7 into a target space torus with metric Gyj.
This will prove to be important in evaluating the integrals (as it was in [[, §]). Note that
the factor V;;2A™/? in the measure of I and IN* cancels in the winding number basis. In

terms of the new variables the expression (R.11)) has the form

00 2 4 R
(S8, T,U) = / dvvs / d—; jq{ [ dtr w2 epreCrety, . (2.37)
0 F T2 r=1

In section we will discuss how the ultraviolet cutoff on the loop momentum can be
imposed by suitable choice of limits on these integrals.

In order to evaluate the low energy expansion of the amplitude we need to evaluate the
coefficients I, ;) in ([L.21]), which arise as the coefficients of the terms in the expansion of the
integrand in (R.37). Since we want to express the integral in terms of the new variables 7
and V', we need to change variables in the functions B(p’q)(LQ /L1,Ls/Ly), defined in (2:2().
In the process of changing variables from (Lj, Lo, L) to (11,72, V) it will turn out to be
convenient to redefine the normalization of B(p,q) by a multiplicative constant factor in
order to arrive at final equations with simple coefficients. We therefore define the rescaled
coefficients By, ,)(T) by

Bp,o(7) = dip.g) By, (L2/L1, L/ L), (2.38)

where, up to the order considered in this paper, the integer coefficients d, ;) are arbitrarily
chosen to be

d(170) = 1, d(O,l) = 12, d(2,0) == 144,
3
d(l,l) - 15120, d(370) - 302400, d(072) - Z 302400 . (239)

%Recall that a Poisson resummation that replaces a sum over a Kaluza-Klein charge m

. . A . . . p— 2 g
by a sum over a winding number 7 is expressed by the identity > °_ e mAm +2mn As
_1

2 —1..2 PR
A"z 67'rAs Z({O 677'rA m 727,7'rms'
m=—o00
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The simplest examples of the B, ,)’s are B(j g) = 1, obtained in (-22) and [[d, and Bo,1)
obtained in (R.23) and [§], which is given in terms of 71 and 75 by

(I = | +1) + i3(712 = InD(r? = Iml) - (2.40)

1
Boy(r) = ™ -
5

A most important feature of B 1) is that it satisfies the Poisson equation

(AT - 12)3(071) (’7’) = —12’7’25(’7’1) 5 (241)

where the laplacian can be written in terms of the original Schwinger parameters as'’

AT = 7'22(872_1 + 872—2) - A 8Lk aLk - 2Lk 8Lk . (242)

This property is very useful for determining properties of the coefficients I, ,y(S, T, U ), in
the low energy expansion in (R.20).

As we will show in appendix [A], the higher-order coefficients satisfy generalizations
of this Poisson equation. In general these coefficients are sums of the form B, (1) =
> bng (1), where the components b’(p’q) individually satisfy Poisson equations that gener-
alize () The functions By 0y, B(1,1), B(3,0) » B(0,2) are described in detail in appendix A
together with the detailed Poisson equations of the form ([A.J) satisfied by the b7 .’s. These

(p,9)
Poisson equations are again the key to understanding the structure of the coefficients I(;, 4).

2.3 Integration limits

Up to now we have ignored the fact that the Feynman integrals are ultraviolet divergent and
therefore need to be regulated in a systematic manner, such as by introducing a momentum
cutoff. We will implement this by introducing a lower cutoff on the Schwinger parameters,
Ly, that are conjugate to the loop momentum [f], as will be discussed in the nest two
subsections. Although this is feasible at one and two loops (L = 1 and L = 2) it is unlikely
to be convenient, and may not even be consistent, for L > 2. In addition, although the
loops are not infrared divergent, they contain infrared singularities due to the presence of
massless intermediate states. Such nonanalytic terms cannot be expanded in a power series
in S, T and U and need separate consideration, as described in subsection P.3.3.

2.3.1 Ultraviolet divergences and counter-terms

The nonrenormalizable divergences of eleven-dimensional supergravity may be subtracted
by the addition of local counterterms but this results in an increasing number of apparently
arbitrary coefficients as the number of loops is increased. However, some of these coefficients
are fixed by imposing extra conditions implied by the correspondence of the compactified
theory with string theory. Investigating the extent to which coefficients can be determined
in this manner is one of the main motivations of this work.!!

0T he symbol A = Ly1Ls + LoLs + L1 Ly should not be confused with A.

"'We cannot make use of dimensional regularization since this cannot be consistently applied to a non-
renormalizable theory. In particular, standard dimensional regularization would set to zero all the dimen-
sional terms associated with power divergences that we will need to keep. Nevertheless it is extremely useful
for evaluating a subset of the nonanalytic terms, as we will see in appendix E
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The most basic example arises at one loop. The sum of Feynman diagrams in that case
has the form of a prefactor of R* multiplying a ¢3 scalar field theory box diagram with
eleven-dimensional loop momentum p. The presence of eight factors of momentum in the
prefactor implies that the loop amplitude has a A3 ultraviolet divergence in the presence
of a cutoff at |[p| = A. Since the loop momentum enters the integral over with a factor
e~P°L , where L is the Schwinger parameter, the momentum cutoff may implemented in a
gaussian manner by introducing the cutoff L > A~2, instead of a step function momentum
cutoff. Upon compactification, this short-distance divergence arises entirely in the sector
with zero winding number. This dependence on A can be subtracted by introducing a local
counterterm, 614 = ¢; R*, which replaces A3 by a specific finite value. The value of ¢; was
precisely determined in [J, ff] to be

B o2m?  4n

= A3 2.43
C1 3 3 ) ( )

which followed from the fact that the one-loop terms in the four-graviton scattering am-
plitude in the type ITA and type IIB theories are equal (and equal to the genus-one term
in the perturbative expansion of Es ;).

At two loops (L = 2) there are new issues. Firstly, there are new primitive divergences.
The naive degree of divergence is A?° but there is now a prefactor of order S?R* [[Lf],
which has twelve powers of momentum. This means that the naive primitive divergence
is reduced from A% to A8. But upon compactification on 7" powers of A may be traded
in for inverse powers of the radii of the compact dimensions. In addition, there are one-
loop sub-divergences behaving as A%. We would like to impose a cutoff on the two-loop
Schwinger parameters, L, in a manner that is consistent with that imposed at one loop.
In particular, the two-loop amplitude has massless intermediate two-particle thresholds
arising in the S-channel from intermediate states with m; = 0 (or n; = 0) in (2.1)) and (2.9).
The discontinuity across this threshold is obtained by setting m; = 0 and is proportional
to the one-loop four-point amplitude multiplied by the tree-level amplitude. It is evident
from (.1) and (R.2) that the Schwinger parameter for the one-loop sub-amplitude is L1+ Lo.
Therefore, in order to reproduce the same A-dependence as in the one-loop calculation we
must introduce a cutoff Ly + Ly > A~2. By symmetry the individual Schwinger parameters
satisfy Ly > A~2/2, which means, using (£.24), that V is integrated over the range

2
0<V <VA= A2, 2.44
<V < 7 (2.44)

Only the fact that the upper cutoff is linear in A? will prove to be relevant in this paper,
whereas the precise coefficient of 2/4/3 will be irrelevant. The cutoff on L; 4+ Ly implies

Vi < A%, (2.45)

which imposes the same ultraviolet cutoff on 7 as in [m], so that 7 = 71 + im0 is integrated
over the cutoff fundamental domain,

Fa: {(1<|r], m<m=AYV, -1/2<7<1/2}). (2.46)
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Primitive divergences and sub-divergences will be subtracted by diagrams containing
counterterms, as illustrated in figure f|. In order to subtract the A3 sub-divergences we need
to include the one-loop ‘triangle’ diagram in which there are two supergravity vertices and
one R* contact interaction, which is the counterterm that cancels the A3 one-loop R*
divergence and replaces it with a specific finite constant (see figure f|(c)). The contribution
of the diagram (denoted by §A in section 4.3 of reference [[f]) is given by

6 3

. K T
Asugra>(57 Ta U) =11 (27_‘_1)122 W
11

(S*L.(S) + T* I(T) + U* I,(U)) R*, (2.47)

where

I(S) = xi1—n /

A2

oo 7 1 ) 17
dLLT/ dug/ duy e~ tra(i-u2) S Z e LG mms (9 48)
0 0

mezZ™

In addition to the sub-divergences there are local ‘primitive’ divergences of the form
A8 82 R* and AS S3 R?, as well as ‘overlapping’ divergences that lead to an extra A% §3 R?
term. All of these need to be subtracted by additional local counterterms.

6
_ K11 8 @2 4 6 3 3 o4
62A5ugra——m(aASR +(bA —cA —d)SR +) (249)
where a, b, c and d are constants. Obviously, a local counterterm has to be independent of
the moduli of the compact space.

2.3.2 Examples of renormalized interactions

One can anticipate the kinds of cutoff-dependent terms that arise upon compactification on
T" by simple dimensional considerations. Such terms translate into particular perturbative
terms in type ITA string theory by use of the dictionary that translates between M-theory
parameters and string theory parameters. Such terms will be analyzed in detail later in
this paper, but here we will sketch some features that arise.

The following are examples of terms that will arise after compactification on a circle
of radius R1;. In this case the translation of the supergravity results to ITA string theory
makes the identifications S = Ry s, R‘;’l = gi, and the implicit momentum conservation
delta function, 619 (3" pk), transforms in a manner that cancels the transformation of R*.

e The lowest-order term with a one-loop sub-divergence has the form S? R4 R1_15 A3 and
corresponds to tree-level ITA. After renormalizing this by adding the contribution of
the triangle diagram containing the one-loop counterterm with coefficient ¢; this has
a value equal to that of the tree-level contribution contained in the modular function
E5 /5 that multiplies S2R* in the IIB theory — as it should since the ITA and IIB
theories have identical perturbative expansions up to at least genus four [[L1].

e Expanding the one-loop sub-divergence to next order in S, T, U results in a term of
the form S% R* Rl_13A3 that contributes to a genus-one term in ITA string theory and,
after renormalization, equals the genus-one part of the the modular function & 1)
(or E(3/2,3/2) in the notation of [H]).

— 23 —



A term of the form S* R4 R1_11A3 , is associated with a genus-two ITA string contribu-

tion that contributes a term of the form g2 s* log(—s) R, [A similar finite term of
the form R1_14 S4R* corresponds to a genus-one ITA string theory contribution.]

e A further term arising from one-loop sub-divergences is S° R* Ri1A3, which con-
tributes to a genus-three term of order g4 S° R* in ITA string theory.

e In addition to these contributions from sub-divergences, there is a primitive diver-
gence of the form S2R?*A® which has to be canceled by a new local counterterm.
Since this translates into a type ITA string-theory term proportional to gi/ 3, which
is not a consistent power, this must have a vanishing renormalized value.

e Similarly, a possible term S$* R* A% does not have a sensible perturbative string theory
interpretation and so we will set its renormalized value to zero.

e By contrast, a term of the form S3 R* A8 is to be canceled by another new two-loop
local counterterm, but the finite renormalized value must take a specific value (just
as we saw in the cancellation of the one-loop R* A% term) equal to the genus-two
term in the ITB modular function, & 1)

e A new phenomenon that arises at order S% R? is the occurrence of a primitive logarith-
mic divergence, log A, which is the divergence manifested as a pole in € in dimensional
regularization of the eleven-dimensional theory. This should again be subtracted by
a local counterterm.

An important feature of the two-loop divergences is that they describe local terms that are
independent of R;; and can indeed be subtracted by the addition of new local counterterms.
Whether this continues to be the case at higher loops (L > 2) is an interesting question
that is not addressed here.

Corresponding terms arise in the 72 compactification to nine dimensional string theory,
in which there is also dependence on the radii rg or r4.

2.3.3 Dealing with infrared threshold effects

Although the four-graviton amplitude has no infrared divergences in nine or ten dimensions,
there are subtleties in extracting the nonanalytic threshold terms, which are infrared conse-
quences of intermediate massless multi-particle states. These states are zero Kaluza-Klein
modes.

At one loop (L = 1) there is a complicated S, T" and U-channel discontinuity structure
(reviewed in [[(]) with the property that the scales of various logarithmic factors cancel
out and the form of the nonanalytic terms is invariant under rescaling the Mandelstam
invariants.

The massless intermediate states originate in the two-loop case (L = 2) from zero
Kaluza-Klein modes in the factor I'(,, ,,) in (4). The nonanalytic terms have discontinuities
that arise from the long-time propagation of these states. For example, the S-channel
configuration shown in figure [l| has two-particle thresholds associated with m; =0 or ny =
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0, or both, arising from the integration limits L; — oo, Lg — oo (or both simultaneously).
In the low energy expansion this generates terms of the form A S* log(—S/Cy) (where
Aj and Cj are constants) that are required by unitarity. However, if we were to simply
expand the integrand in integer powers of S the signature of such thresholds would be the
occurrence of terms of order S* with divergent coefficients, lim, o C, S*log 11, where i is
an infrared cutoff.

In the following we will not be interested in the details of the nonanalytic thresholds,'?
but will simply concentrate on the dependence of the nonanalytic terms in the amplitude
on the scale x (x > 0) of the Mandelstam invariants, defined by

S =x50, T =xTp, U= —x(So+To), (2.50)

where Sy and Tj are arbitrary constants. Since the limit Ly — oo (for any k) translates
into the limit V' — 0, the infrared nonanalytic effects arises when there are sufficient inverse
powers of V. The signature of these contributions is the presence of divergent coeflicients,
I(p.q)» in the power series expansion ([L.21)).

A simple model for the parts of our expressions that give rise to nonanalytic thresholds
is given by considering the convergent integral, H = f0A2 dV Vee X!V where a > —1. On
the one hand this can be expanded for /A% < 1 as

- :Az(a—i-l) N A2a (=) R A2a—2r+2 (—x)" L
a+1 a (a—7+1)r! (2.51)
_N\a+1 '
+ % (log(A%/x) —T"(a +2)/T(a + 2)) + O(x*2/A?).

On the other hand, the analogue of the procedure adopted in this paper is to consider the
formal series obtained by expanding the integrand of H,

o0 A2
1 a—rT T
H = 2)/0 SV (=x) V. (2.52)

Clearly, terms with r > a are divergent at the small V' endpoint, despite the convergence of
the original integral. However, we are only interested in the terms with non-negative powers
of A (i.e., terms of order " with r < a+ 1) in the exact expansion given by (R.51]). So the
correct result is obtained by simply ignoring all the divergent terms in the formal expansion,
with the exception of the term with » = a + 1, which has a logarithmic divergence. This
term is to be interpreted as log(A?/x). An efficient way of describing this is to replace the
formal expression (.59) by the regulated expression

A2 o0 1
= / VT (=x)"dV (2.53)
0 r.

12The detailed threshold structure is obtained much more simply using dimensional regularization than
with the cutoff procedure we are adopting.
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with f < 1. The second line defines the notation to be used in discussing the analogous
integrals that we will meet later in this paper. The expression (R.5J) reproduces the exact
expansion (R.51]), apart from the scale inside the log factor, which is now proportional
to x?T! log(A?/xf). The above simple example illustrates how the terms in the expan-
sion (B-20) of the integrand in (R.I1) give the correct series expansion of the amplitude,
including the parts with logarithmic nonanalytic behaviour. However, the scale of the
logarithm is not determined.

As an example of such a nonanalytic term let us consider the explicit ten-dimensional
string loop calculation [[I]] that determines a genus-one logarithmic threshold at order s*.
This can be written as R* multiplied by

S*log(—SR, /p2)+T* log(—TRY, /pi2) + U log(—URY, /o) =05 log (xR}, /Ca.0)) (2.54)

where o is a specific constant and 0(270)(50, Tp), has a specific dependence on Sy, and Tj
(but not on x). This scale encodes the precise details of the multiparticle thresholds. In this
paper we will reproduce the expression on the second line of (B-54) from the S ! compactifica-
tion of L = 2 eleven-dimensional supergravity, but the scale C( ¢y multiplying x inside the
log factor will not be determined. More generally, in the compactification to ten dimensions
we will obtain nonanalytic contributions of the form K, ,y ob 0§ log(vR3,/ Cip,g)) » Where
the constant coefficients, K, ;), will be evaluated, but not C, ;). In principle, C(, ;) can be
reconstructed, apart from a multiplicative constant, from two-particle and three-particle
unitarity.

In the compactification on 72 to nine dimensions most of the nonanalytic contribu-
tions are characterized by half-integral powers of S, T and U. These are easily separated
from the analytic parts and we will not consider them here. However, a logarithmic term
will also arise at order {§, D® R? ~ 03R?, which is known in detail using dimensional regu-
larization [[[§ (and is reviewed in appendix [H) and will also be considered in the A cutoff
procedure.

2.4 The general form of the expansion of two loops on 7"

After taking care of various normalization constants, the low-energy expansion of the two-

loop supergravity amplitude ([[.1§) compactified on a n-torus can be written as

0.2

. kq 4 _6 o3 2
Asugra ZZ(%)QQ R*m [021(170) t15 Iio) + o 1ad Ii9.0)

0203 1 3 4 ,
T3 1512000 T 11302400 <02[<3’°)+§03I(072) Foe] s (299)

where the coefficients are functions of the moduli that are given by the integrals

VA 2
_ d°r .
Tipg) = LR avv?® N/ 2 Bp.g) (T)F(n,n)(GIJVa T), (2.56)
Oy Fa 12

where N = 2p + 3¢ — 2 and the functions By, ,(7) are defined via E:21]) and (-3). These
can be evaluated by symbolic computer methods and the resultant expressions are given
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up to order 2p + 3¢ = 6 in appendix [A], together with their decomposition into functions
satisfying Poisson eigenvalue equations. Recall that the notation for the integration limits
in (R.56) builds in the S, T, U-dependence of the nonanalytic thresholds, so that factors
of log x are present in certain terms in (R.55). The lattice factor I (n,n) defined in (R.33)
contains the information about the spatial torus.

We will now turn to the evaluation of the I, ,y’s explicitly for the cases n = 1 (com-
pactification on S1), and n = 2 (compactification on 72).

3. Circle compactification to ten dimensions

We will now consider the value of the two-loop amplitude after compactification on a circle
of radius /11 R11 in the special case in which the external momenta are zero in the compact
direction. The metric of the eleven-dimensional theory is related to the string-frame ten-
dimensional type IIA metric in the usual manner by

l2
ds? = Gg\?]i,da:Mda:N = 12]1%1 gudatdz” + RY 13 (de™ — O dat)?, (3.1)
sit11
where g, is the string frame metric and Ry l17 is the radius of the eleventh dimension
(and we will not be interested in the one-form C,, here). The dictionary for translating
between M-theory and type ITA string theory relates the string coupling and string-frame
Mandelstam invariants to Ri; and the eleven-dimensional invariants by

1
111 = R121 ls 9124 = R?l s S = R11 S. (3.2)

(@=10) " we will need to evaluate the
integral I (p,a) (.56) in the case n = 1, which we will call 1 ((;lj)lo).

In order to evaluate the ten-dimensional amplitude, A

7(@=10)

3.1 Evaluation of
(p,9)

]

In this case the metric of the compact dimension is simply Gy; = R} so from (R.36) we

have )
E=Vuv i + 70| 7 (3.3)
T2
which is to be used in (2.50)), and where we have set

(d=10) could be evaluated directly by use of the ‘unfolding trick’, but it

(p,q)
is more straightforward to use the method devised in [§ for studying I ((SlT)IO). This begins

The integral [

by noting that

82 o . . 82 82 N
2 2 —-TE _ AT —E = 2 —E ) )
(v E) + v—v> e e TS <—87'12 + —87'22> e (3.5)
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This means that I ((;)1;)10) satisfies

0?2 0 d=10 VA _ d?r o)
2 9 I( ) N+1 Vi3-N / iy e E
(U 002 Uav> (,9) T 0, d o T2 ) § : Are

(rh,n)eZ?

A
_ - N+1 v dvv?)—N > TA B —nE aI(dZIO)
=7 Z 72 (®, ‘1)( T)e ra)
(1) #(0.0) 7 % A

(3.6)
where we have integrated by parts and the boundary term is given by
(d=10) _ _N+1 3—N —nE
o1t~ ¥ Z / v / 071 (Bl (r)mse ™™ — 00, By (1))
-1 .
To=T)
(3.7)
(where we recall that V 72 = A?). After substituting B, ZBN/ 2] bl ;) (asin (A4)
and writing
[3N/2]
d=10 i
I((p,q) )= Z hipg) (V) (3.8)
i=0
equation (B.G) is replaced by a set of component equations of the form
5 02 0 i i
( 2 +2v (%) pa) — ( a ab(p )= ) (3.9)
where the bulk term is given by
; N+1 v 3—N d’7 ; E
jznq) =T + / avveo / 5 AT bl(p’q)(T) Z e T , (310)
Oy Fa T2

(rh,n) €72

and abép 9 is the component form of the last term in (B.7). After using the Poisson equa-
tion ([A.5) satisfied by bl('p g equation (B.9) reduces to a set of simple second order differ-
ential equations.

As we will see later, for terms that are analytic in the Mandelstam invariants the

right-hand side of (B.9), J!

(p.a)’ has a dependence on v of the form

Jz' oV 4J(4 N)i | A3, N=3 J( N)i | p8-2N J(O)

where J (:2; are constants, the superscript («) indicates the power of v, and N = 2p+3q—2.
The first term in (B.11]) is the finite contribution from non-zero winding numbers m # 0,
fi # 0, and the power vV =% follows by a simple dimensional argument. The second term,
proportional to A3, comes from the one-loop sub-divergent contributions in the sectors
with 7 = 0, 7 # 0 and 1 # 0, 7 = 0 and the power vV ~5/2 is again determined by
a simple dimensional argument. The third term with the power A3 2N comes from the
sector with zero winding number, /i = 0,7 = 0. In the N = 4 cases, (p,q) = (3,0) and
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(p,q) = (0,2), the powers of v*~ and A32V

include pieces that should be interpreted as
log v, log A, as we will see in the explicit evaluation later in this section. After substituting

the structure (B.11)) into (B.10) and (B.9) cach term in (B.9) is seen to decompose in the

same manner into v¥N =4 RN 4 A N3 h( o + AB=2N 01 and (B-) is solved by

(p,9) (p.9) (p,9)
substituting
H? 0 ;
2 Y -~ —a ()i _ —a ()i
<v 502 + 2v 8@) h( ) = ala—1)v h(pg) , (3.12)
so that ]
(a)i _ ()i

Therefore, I, 4 (B.50) decomposes into the sum of three terms with distinct powers of v,

yd=10) _  N—4 y(4—

N) 3 N—3 (3-N) 8—2N 7(0)
= (=) (3N 3N geeav O (3.14)

(»,9) (»,9)

The one-loop sub-divergences proportional to A3 are canceled by adding the triangle di-

10)
pq)
proportional to

with the one-loop R* counterterm at one vertex (figure f[ (c)). The term
AS—2N 4

agram, [ ((
is a primitive divergence that has to be subtracted by a new two-loop
local counterterm, whose contribution to I (d=10) will be denoted do1 ((d q)lo)

We will also be concerned, when N > 2 with the situation in which there are loga-
rithmic terms on the right-hand side of (B.11]) proportional to v® log v and v® (log v)?, with
various values of . In the presence of such source terms the solutions of (B.6) also have

logarithms. To be specific, the general form of the equations in the examples that follow is

1 1 1 2
(0202 + 209, — \) f(v) = a logv + b ogv +c ng;} +d ( Oiv) (3.15)
Uz
It is easy to verify that the solution of this equation is
1 4  logw 1 3
= —a—(1+ Xl —b 1
f(v) a)\Q( + Alogv) TH Ay b +cv2(2_)\)<ogv+2_)\>
1
—d —= (242X — 2X\log v + A% (log v)?) + fo(v), (3.16)

VA3

where fj is the solution of the homogeneous equation that will be irrelevant to us. We will
see that these non-analytic terms are logarithmic thresholds expected from unitarity in ten
dimensions.

This procedure is implemented in detail in appendix [B in the order to evaluate I, 4
with N = 1,2, 3,4, leading to terms in the four-graviton amplitude that we will now review.

3.2 The ten-dimensional type IIA low energy string scattering amplitude

We will now summarize the expressions deduced in detail in appendix [B| from the analysis
of two-loop eleven-dimensional supergravity on S'. The complete expressions will also
include the contribution I (Cé (11()]) that comes from the triangle diagram where one vertex

is the R* one-loop counterterm and the primitive divergence, do1 ((;1;)10)' We will begin by

reviewing the (1,0) and (0,1) cases before considering the higher-order terms.
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3.2.1 (p,q) = (1,0)
The contribution to the coefficient of the oo R* ~ DAR?* term was shown in [ff] to have the

form

(d=10) (d=10) @=10) _ ¢(5)
[(1,0) +I( 0) +52I(1,0) = 4Ri’17 (3.17)

which corresponds to the tree-level type IIA contribution ((5)2R?/g%. In this case the
finite piece from the m # 0, 7 # 0 sector vanishes and the right-hand side arises entirely
from the A3 sub-divergence of I ((d )10) together with I (CE 1())) which cancels that divergence
and replaces it with a specific finite expression. The power of Rj; corresponds to a tree-
level contribution in type ITIA string theory, using the identifications in (B.9) (recalling that

S = Ry18). The A8 contribution to I (d= coming from the m = 0,7 = 0 sector has

(1, 0)
been set to zero by subtracting it with a two-loop counterterm, dof ((d )10). There can be

no finite remainder since S? R* has no dependence on R1; and translates into a IIA string
contribution g 2/3 g2 R*, which would not make sense in string perturbation theory. For
completeness, recall that there is also a genus-two contribution to Rj; 0oR?* ~ gi &9 R*
that is obtained from the S' compactification of one-loop (L = 1) eleven-dimensional su-
pergravity. These tree-level and two-loop type ITA string theory contributions are precisely
the same as those contained in the modular function Es/, that arises in the type IIB theory
reviewed in the introduction. It is also notable that the two-loop supergravity calculation
does not generate a genus-one contribution to S? R*. Such a term is known to be absent
in string perturbation theory [f].

The perfect agreement of the predictions from two-loop eleven-dimensional supergrav-
ity with string theory found in [[f] strongly indicated that higher-loop supergravity does not
contribute further terms at order D*R*. This suggested [ that the three-loop amplitude
should be of order DSR* (or higher), as has recently been shown explicitly [LJ].

3.2.2 (p,q) =(0,1)

The expression I (( 1 10 is the coefficient of the o3 R* (or DOR?Y) term. The finite part of

(d=10)
o)

a A3 sub-divergence (from the sector in which one winding number vanishes) that needs

(the non-zero winding number sector) was considered in [§]. In addition there is

to be subtracted by I (@=10) "5 well as a AS DORA primitive divergence (from the sector in

>(0,1)
which both winding numbers vanish) that is subtracted by do1 ((d )10) This divergent term

translates into a possible ITA string term, proportional to g% 2 DSR* term. This is not only
a possible contribution, but is known to be present since it is present in the type IIB theory
with a coefficient that is determined by £ 1) and was reviewed in the introduction. The
net result is

(d=10) | ;(d=10) d=10) _ ((3)? + ¢(3)¢(2) + 6¢(2)

©.1) +I(01) +52( DT oRE I = (3.18)

In terms of type ITA string theory, these terms correspond to tree-level, genus-one and
genus-two contributions with coefficients 922, g% and gi, respectively Whereas, the coeffi-
cients of the first two terms are derived from the S' compactification, the coefficient of the
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(d=10)
(0,1)
two-loop term in the type IIB theory that came from the 72 compactification. For com-

last term has been fixed by choosing o1 so that it coincides with the coefficient of the
pleteness, recall that there is a genus-three contribution to DR* that is again obtained as
a finite contribution from the S! compactification of one-loop (L = 1) eleven-dimensional
supergravity and which is also contained in the IIB expression £ 1), with precisely the
same coefficient.

3.2.3 (p,q) = (2,0)

When N > 4 the L = 2 amplitude develops logarithmic singularities corresponding to
string theory threshold contributions. These contributions require careful treatments which
is detailed in the appendices B and in [dJ.

The expression I((;;)w) is the coefficient of 02 R* ~ D8R?% At this order there is
a second logarithmic singularity (after the one-loop (L = 1) supergravity threshold of
ten-dimensional supergravity, which is of order Slog(—S)) corresponding to a threshold of
string perturbation theory. The contribution at order a% R4, derived in the appendix B3 is

Lo + 1oy + 0y =— % ¢(2) [%—;’3 + %ﬁﬂ log(xR3/Clap) - (3.19)
When converting these expressions to the string frame log(yR2,) becomes log(x 9124), where
we have used the relation S = xSy = sR11 = xSoR11 (in other words, we have rescaled the
Mandelstam invariants in the string frame by the same factor x as in the eleven-dimensional
frame). This non-analytic contribution is seen to correspond to the genus-one and genus-
two normal massless thresholds of the string amplitude with coefficients 994 log(x) and
gi log(x), respectively The coefficient of the genus-two threshold contribution arises from
a A3 sub-divergence, which is regulated by the counter-term Iéi;é())). The scale of the
logarithms indicated by C(; ) has not been determined by this computation and hides
the details of the T-channel and U-channel thresholds, although in this case the complete
calculation is straightforward and leads to (2.54)).

3.2.4 (p,q) = (1,1)
d=10)
1

The coefficient of the o903 R* ~ DY R?* term is determined by the integral I (( TR to-
gether with the triangle diagram containing the one-loop sub-divergence and the two-loop
counterterm. These give

_ ~(d= Ad— 448 675 R?
1510 + 1 + 6000 = C@)C3) + 2 C(2)C(4) Ray +182¢(2)2 R log ( 2L
’ ’ ’ Ry, 2 Ca

(3.20)

The first two terms will translate into genus-two and genus-three contributions to S° R*
in string theory, while the last term is a genus-two threshold contribution In fact, the
coefficient of log(x) is precisely the same as in the ten-dimensional supergravity calculation
in appendix [E.T, which contains the detailed threshold dependence.
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3.2.5 (p,q) = (3,0) and (p,q) = (0,2)
(d=10)

In the case of 03 R? and 03 R? the coefficients are determined by the integrals I (3.0 and
(d=10)

lo2)

are evaluated in the appendix B3,

, together with the contributions from the one-loop and two-loop counterterms, that

100647

10"+ Liggy +021{55)" = —3465¢(6) log(x 1 /Cla.0)) + == C(3)C(6) +2106(8)RY,
(3.21)
and
= — — 6615 15827
I+ Lioa +0:1(55)" = —=5C(6) log(xB1/Cla)+ ¢ (B)C(6)+2100(8)RY,
(3.22)

corresponding to type-IIA genus-three, genus-four and genus-six contributions, respectively.

3.3 Connections with string perturbation theory in ten dimensions.

We will now summarize these results and translate them into perturbative terms in ITA
string theory. We will be interested in comparing these terms with direct calculations in
string perturbation theory at genus-one and genus-two. The fact that the perturbative
terms in the type ITA and type IIB theories are equal up to at least genus-four will provide
additional data for determining the SL(2,Z)-invariant coefficients of the ten-dimensional
1IB theory.

3.3.1 Analytic terms

First recall the analytic terms in the derivative expansion of one-loop supergravity (L = 1)
compactified on S' up to the order of interest in this paper are [f, fi]

AC4) 02 3
3 Mya T Tor iy

. 0203 64¢(12) 9 (67503 4 87203)
R £ 31185 691 ! 46 '

o2 4¢(6) 5 o3

4
an . Ky 4 4 2¢(3)
Gy - | S S » R s Rl
L=t (277)11 l§1 R‘I)l
64C(8) p5 03 | 16¢(10)
2835 M 41 1125

+4¢(2) +

(3.23)

The analytic part obtained from two-loop (L = 2) supergravity on S!, obtained earlier
in this section, together with the known two-loop results of [[j] and [§], are given by

6 2 2
an . K11 650 | C(B) o2 4 (C(3)%  C(2)¢(3)  6C(2)° o3
=2 = ome AT [R—‘i’l 23 (23?1 TR, s > e

s (675 (B ) o502
(S52ctrsta rur + aas L) 7

2835

2 5 303 +403 100647 o3 4 15827 o2
MEVSTG <70<(8) By ==+ O (5w 370 ) ) * '
(3.24)

- 32 —



P P4

P P4

Figure 4: The double subdivergence of the three-loop diagrams that contributes at order
Eq7 /o 54 R* in ten-dimensional type IIB.

After conversion to the string frame the L = 1 and L = 2 analytic contributions combine
to give the following terms in type IIA string theory coordinates,

Ty + AT, =ikfy R [24(23) +4¢(2) + <—<(25) + 4%4) gi) b9
9ga 9a
2 2
+ 2 (B8 st + g+ KO 1) o,
9
64¢(8 512 20 16¢ (10
g ot + <45<<><<>gi+-—<xmceogi+» KOs ) a0

22366 6 320((12) 10) 23
" <C(3)C(6) 1126125 94 1354( )94+ 531601 gA) 72

334125 94 405 31185601 A4 ) o8]
(3.25)

L es)g8 +

+Q@«®

These are some of the terms that could, in principle, be obtained from string perturbation
theory. Other perturbative string terms should emerge from from higher-loop (L > 2)
supergravity. For example, tree-level terms beyond order DSR* are not obtained from
supergravity Feynman diagrams of loop number L < 2, but are obtained from higher-
loop (L > 2) contributions. Thus, the tree-level D*R?* term can be deduced from a two-
loop subdivergent contribution to the three-loop (L = 3) Feynman diagrams of eleven-
dimensional supergravity compactified on a circle as shown in figure [

Although the momentum expansion of string theory at genus greater than one has
not been explicitly considered, several of the low-lying terms in (B.29) are known to be in
precise agreement with the expansion of tree-level and genus-one string theory amplitudes.
So, for completeness, we now list the analytic terms that have been extracted from string
theory at tree-level (h = 0) and genus-one (h = 1) [f, 0],

2
ﬁﬁ%&—OWK§?HWQ+%%ﬁ§G%+%mwQ@

2 N
+ 5u 03+ (o )+ 516 C2)0) )

270

BRI
(% ) ot (o o +CO+ oD@ ) 34+ ]
(3.26)
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We see that the terms that overlap with those of (B.25) have precisely the same coefficients.
However, there are terms that occur in either (B.2§) or (B.2) that do not occur in the
other. For example, the genus-zero term of order S°R? is not obtained from the L = 2
supergravity diagrams described in this paper. However, it is expected to arise from a one-
loop sub-divergence (proportional to A?) of the three-loop diagrams (L = 3). Similarly, its
genus-one partner should arise from a double sub-divergence of the L = 3 diagrams.

The above expressions have been obtained in the limit appropriate for comparison with
perturbative ten-dimensional type ITA string theory. However, the ITA and IIB theories
are known to have identical four-graviton amplitudes up to at least genus-four [[L1] so that,
to the extent that the results match the string theory results, they should also apply to
the ten-dimensional type IIB theory up to genus-four, at least.

3.3.2 Nonanalytic terms

The nonanalytic part of the one-loop (L = 1) supergravity amplitude in ten dimensions is
just the ten-dimensional maximal supergravity loop amplitude, which is well known [R(]
(reviewed in [[I(]). In this case the thresholds obtained by dimensional regularization give
rise to terms of order Slog(—S). The detailed structure of these terms is not relevant
here, but it is notable that the scales of the Mandelstam invariants inside the logarithms
cancel (the result is proportional to (S + T + U)log x). This means that the result does
not depend on details of the regularization scheme.

The nonanalytic terms obtained from two-loop (L = 2) supergravity compactified on
S! in appendix B. are

6 2
Ago:n;m :Z‘L R4 47‘(6 |: o 8 . C(2) <<(3) + 2C(2)> log(XRfl/C(ZO))%

(27T)22 l%% 15 Rll Rill Rll
832 ) a0
_ m ¢(4) log(XRll/C(Ll))Zl—E’ (3.27)
1 o3 2
_ EC(G) log(XR%/C(?,,o)) <114—(2j +14 4—2) +- ] )

As before, the scales of the logarithms, C, ,), are complicated functions of Sy and Tp, and
contain the information about the nonanalytic multiple logarithm terms (for example, the
term of order S? log(x) R* is given in detail in (2:54)). This expression involves factors with
logarithms of the Mandelstam invariants, of the form S* log(—S) R*, which are correlated
with discontinuities of the amplitude that are determined by unitarity. For example, at
order o3 log(—S) R* there are two terms with coefficients that differ by a power of R3,.
The first of these arose from a finite contribution to the two-loop amplitude, while the
second arose from the triangle diagram containing the one-loop counterterm that cancels
a A% sub-divergence.
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Transforming (B.27) to ITA string coordinates leads to

4
jn =ity R [~ G (C8) + (20 33) (10 / Cla) 0%
13

2 2 .
~ Elsdn C(4) g4 log(xga/C1,1)) 6203 (3.28)

1
115207

((6) g log(xg3/Cs0) (1165 +1463) +--- |,

The first of these thresholds, of order 63 log(x)R?* has both a genus-one and genus-two
contribution. The coefficient of the genus-one part matches the value obtained in (3.47)
of [[0] from genus-one string amplitude. Also present is the expected genus-two threshold
of order G263 log(x) R, as well as the genus-three thresholds of order o3 log(y) R* and
ag log(x) R*. The scales C(p,q) are undetermined by our procedure, whereas they are
uniquely fixed in string perturbation theory. Such scales are also expected to be fixed by
the SL(2,7Z) duality of the IIB theory.

Reinterpreting the nonanalytic terms as contributions to ten-dimensional type IIB
and requiring SL(2,7Z) duality strongly suggests how certain perturbative terms combine
into nonperturbative modular invariant coefficients. Thus, in the type IIB case the two
terms in the coefficient of 63 log(x) R* form the two perturbative terms in the expansion
of the modular function Ej/;, as expected by general arguments based on unitarity of
string perturbation theory [R1], [l(]. In similar manner, unitarity requires that the genus-
three coefficients of 63 log(x) R?* and &% log(x) R* are pair up with genus-one threshold
contributions in the ratio contained in the modular funtion Ej /5. Although these genus-one
terms do not appear in the L = 2 supergravity calculation (dimensional analysis implies
that they should arise from a one-loop sub-deivergence of three-loop L = 3 supergravity)
their value is again known from the direct string theory calculations in [[[J]. Once again

the coefficient in (B.2§) is in accord with expectations.

4. Torus compactification to nine dimensions

Consider now the eleven-dimensional two-loop amplitude compactified on a two-torus of
volume V5 and complex structure €2, where the external momenta do not have any compo-
nents in the compact toroidal dimensions. As before, we want to evaluate

VA 2

(d=9) _ _N+1 3-N dr —nE

Ipg =7 ! / avv / 2 Bpg)(7) Z € (4.1)
Ox Fa "2 (] al)ezs

The metric on the torus that enters into the definition of F in R-34) is

Vo[ 1
== 4.2

o)

— 2V, Vdet M, (4.3)
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which leads to
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b=
Qo7




where
21 52
m-m
M:<A1 A2> : (4.4)
n-n
The dependence on Vs, can be factored out by rescaling V' (with a corresponding
rescaling of V), which leads to

d=9 1 4 (N2
[((pﬁ))(Q,Vg) = 1773/2P(N — 3/2) Vé\f 45((])’;)‘ )(Q) 7 (45)
with NV = 2p+ 3q — 2. The normalization has been chosen so that the functions £ (N+2)(Q)

(p,9)
correspond to those defined in ([.27). The dictionary relating M-theory to type IIB string

theory includes the identifications
rp =Vt et =gy =05t (4.6)

Almost all the massless thresholds in nine dimensions for the terms up to the order we
are considering here involve half-integral powers of the Mandelstam invariants rather than
being logarithmic. In contrast to the ten-dimensional case in the previous section, these
nonanalytic terms are easily distinguished from the analytic terms and we will ignore them
in the following. The one exception is the logarithmic threshold that arises in the zero
Kaluza-Klein (m; = n;y = 0) term, which is the genus-two massless supergravity sector
discussed in appendices [J and [

4.1 Evaluation of Aq/, (d=9)
(p,9)
Following the method used in [§] we apply the Laplace operator Ag = 4032 9084 to [((;lj)%
and use
Age ™ = Are™ (4.7)
to give
(d=9) _ ;N+1 v 3-N d*r B
AQI(pJI) =T /0 dVV /]: 7'—22 B(p,q) (7’) Z AT e , (48)
X A

(rh,n)€Z4

where N = 2p + 3¢ — 2. Integrating by parts gives the Laplace operator A, acting on
(), while the boundary term vanishes in the sector with (',/m?) # (0,0) and
(nt,72) # (0,0). For the moment we will restrict our considerations to this sector, which
turns out to give terms independent of the cutoff A, which can therefore be set equal to
co. We will also (in appendix [J) need to consider the sector with (!, m?) = (0,0) and
(n',7?) # (0,0).

After using (A4) and ([A-§) we see, as in the S compactification, that I gj:? ) is itself

a sum of components,
[3N/2]

d= i
I((p,q)g) - Z h(pﬂ)(Q’V?)’ (4.9)
i=0
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and N = 2p + 3¢ — 2 as before. The function hép 9 satisfies a Poisson equation

' ' N+1 v 3-N ALY E
(A = X)) gy = 7 / avy / Ty Clpa (T2) Z e ’
O ! (17,7) #(0,0) =0
(4.10)
where cép o) Is the coefficient of §(m1) in ([.26) and (A.F) and
. 21220012 4 2051 1 5202
o] IR A e a1 e (4.11)
71=0 927—2

In order to determine the right-hand side of ([.10) we will use the fact that C%p 9 (12) is a
polynomial in 79 + 7'2_1 of degree N —1=2p+3¢—3

=

Clpa)(T2) =D e+ 1) (4.12)

T

Il
o

Substituting ({19), using the symmetry of the integrand under 7 — 1/79 to extend the
range of integration to 0 < 75 < oo, and changing integration variables to z = V/79,
y = V13 the right-hand side of ([.1() becomes

N+ [3N/2]

wl 2 alin2g2

y Z Cr/ dl’/ dy AT o Z vy (yllenlal ntestal
AN+ [3N/2]

4 N Z Cr 2 Ny TT(Q) E;_f_%(g)a (4.13)

for —N +1 <n, < N — 1. The Eisenstein series E is defined in terms of E; by
I'(s)

ﬂ-S

ES(T)

Es(1) =2C"(2s) 15 +2¢"(2 — 28) ¥+ O(exp(—m72)) (4.14)

and satisfies the symmetry relation EF = Ej_,, where (*(2s) = 77°I'(s)((2s). The cutoffs
on the integration limits have been removed in (4.13)) since the result is finite (if the Ej
functions for s < 1/2 are defined by analytic continuation from s > 1/2).

So we finally obtain the Poisson equations for the components of the (p,q) term,

' ' aN+1 N
(Aq — Z(p,q)) hl(p,q) - %ﬂ Z;) Cr E;—%Jr%(m E;———%T(Q)’ (4.15)
=

where N = 2p+ 3¢ —2 and 1 < ¢ < [3N/2]. The right-hand side of this equation is a
sum with a finite number of terms that depends on the value of N. The solutions of this
equation for given values of (p,q) and the corresponding values of the index ¢ determine
I ((;l;)g ) and hence, the coupling constant dependence of the coefficient of the term in A;rp
of order SV*2 R4, Tt is notable that the right-hand side of ({.13) is quadratic in the
Eisenstein series, each of which will later (in section [f]) be identified with a coefficient of a
lower-order term in the action.

— 37 —



The dependence of 1 ((;lz)g ) on the volume, Vév 4 in (E13) translates into the IIB string
theory description as
gg lr% N (4.16)

using the correspondence between the supergravity and IIB string parameters given in ([..§),
together with the identification S = Ry s.

In the above analysis we only considered terms with (!, m?) # (0,0) and (A', #?) #
(0,0), which are independent of A. Certain terms with log A dependence also entered
into the zero eigenvalue parts of the modular functions 5((;)0) 5((5)0) and 5((&)2) in ap-
pendix [J. However, for economy of space we have not considered the terms that arise
from (1!, m?) = (0,0) with (2!, n?) # (0,0), which correspond to subdivergences and have
a power dependence on A that needs to be subtracted by counterterms.

In the N = 0 case ((p,q) = (1,0)), which corresponds to the D*R* term, the source on
the right-hand side of (f.15) vanishes and the equation reduces to the Laplace eigenvalue
equation ([.12) for the value s = 5/2, as in [[J]. In the N = 1 case ((p,q) = (0,1)), which
corresponds to the DOR* term, the source on the right-hand side of ([{15) is quadratic in
E3/5 and there is a single eigenvalue )\%0’1) = 12, reproducing ([[.1), as obtained in [§]. We
will now analyze these solutions for the cases (2,0), (1,1), (3,0) and (0,2), which raise a
number of new issues.

4.1.1 (p,q) = (2,0)

The expression for By )(7) given in ([A.14) is written as the sum of the b(2 0)’s in (A.19).
Applying the method described in the previous subsection, using the explicit Poisson equa-

tion ([A.19) satisfied by each béz 0)» We determine that the modular function 5((22 )0) associated
with the 03 R* term has the form

4V3 i
— 0@ V) =€ ngoz (4.17)

(2)i

where 8(2 0) (Q) are modular functions satisfying the Poisson equations

(Aq —r(r+1)ECN

@ 0)(9) = —2urE%E% , for r =2i=2,4,6 (4.18)

and u, are constants given in appendix [A.1]
The function E /5 is defined as the limit

Qo
lim E, = 2Q2 log
s—1/2

+ 4Q2 Z d\n| K() 27‘("71‘92) 2z7rn§21 Ce = e 7 N (4.19)
n#0

where v is Euler’s constant and dj,,| is the number of divisors of n. This is a very special
Eisenstein series which has a large-{25 expansion that has no purely power-behaved terms,
but starts with Qé/ 2 log Q5. The interpretation of the log Qs factor will be given in the
section where it will shown to be associated with the presence of massless thresholds.
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The ¢ = 0 term, 5((2)0)

appendix [J to be equal to

associated with the constant b(()2 0 = —13/21, is shown in

104
5((227)00) == C( )log (=S V2/Q Cla)), (4.20)

where C() is, as before, an undetermined function of Sp and Tp, but is independent of
V5 and €. The logarithm comes from the contribution of the zero Kaluza-Klein modes,
my; = ny = 0 in the 72 reduction from eleven dimensions and should coincide with the
supergravity calculation in nine dimensions discussed in section [H. It is notable that
the coefficient of log(x) in (f.20) does indeed coincide with the coefficient of the e pole
in dimensional regularization of two-loop maximal supergravity around nine dimensions.
However, in our case the scale depends on the compactification moduli rather than an
arbitrary cutoff.

When translated to IIB coordinates the £ ) contribution has the form 7‘]515((22’)0)(9)
S4RA,

4.1.2 (p,q) = (1,1)

With some effort one can use ([A.22) to write B 1) = Z? 0 b{l 1) Where the b(1 1)'s satisfy
the Poisson equations ([A-2§). It is straightforward to extend the general method described
in sub-section [I.] to determine the coefficient, 5((1 )1), of the o903 R* term in the amplitude.

This is given by

8V2 I & 5 2]+1
) =Ean(® =D& (4.21)
7=0

where 58 )f)(Q) are modular functions satisfying

)

(Aq—r(r+1)EDr"

(@) = —ZUTE%E%—4W2wTE%E% , r=2j+1=1,3,5"7,9, (4.22)

The coefficients v;, w; are given in appendix A3.
When translated to ITB coordinates this contribution has the form r5* € ((f )1) () S° R4

4.1.3 The cases (p,q) = (3,0) and (p,q) = (0,2)

In this case there are two modular functions, 5((3)0) and 5((0)2) multiplying the independent
kinematical structures o3 and o3. Equations in ((A-3]) determine that Bé“?) 0) =5 h—0 bzk
and Bé’C =30 b 0 (0.2) Where b(3 o) and b(0 5) satisfy the Poisson equations (A-49). ThlS

leads to the expressions for the coefficients of the two kinematic structures at order S R*,
16 (6) 2k
32160 = Z £3.0)

16 (6) 2k
me) Z €0 (4.23)
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where 5((??’):)(9) and 5((3)2]6)(9) are modular functions satisfying,

(Ag —r(r+1)E9" (Q) = —2 foyEa By = 16C2) (fl ) + i) EL B3, (4:24)

(»,9)

[SI[oY

1
2

where r = 2k = 2,4,6,8,10,12 and (p,q) = (3,0) or (p,q) = (0,2) and the coefficients

fr | and g7 | are given in appendix . The expressions for the functions & ©0 and
(p,9) (p,9) 3,0

55?2)0 associated with the constant function b(()3 0) = 12264/715 and b, 9 = 2716/165 can
be obtained by direct evaluation of the integral’s as in (C.4) and ()

When translated to IIB coordinates these D!?R* contributions have the form
15 (€03 + Elon 63 RY.

4.2 The nine-dimensional type IIB low energy string scattering amplitude

To summarize, we have determined a number of terms in the expansion of the the 72
compactification of two-loop (L = 2) eleven-dimensional supergravity up to order S%R?.
Adding these to the terms found previously, gives the following expression in terms of the
type IIB string theory parametrization:

_ _ _1 1 R N
A 1A = 15952 E00) Q)R + 93 .0 (Q) 52RY + g5 En 1y (Q) 63RY)

2 52 3 .~
+(4ﬂ_)2-z_3 5(2) (Q) 2734 + (471')2 9B g(il) 0903 R4
B

(2,0)\** 5gg =) ! )m
(4m)?  12g% £©)
41302400 73 \“GO

(Q) 3R + gs((g,’z)(m &5724) (4.25)
Here we have included the coefficients given in (B.55) and the powers of r5 and gp in (f.14).
The terms in the first line are the ones found in previous work, namely, the function & ),
which was derived from the L = 1 amplitude [{], and the functions &£ o) and £q ;) that
were derived from the L = 2 amplitude in [, §]. We have not included terms that arise
from renormalised subdivergent contributions (apart from the 59R* term), although these
are easy to evaluate.

We emphasize again that the Feynman diagrams of supergravity are only expected
to be an approximation to low energy string theory in a limited range of moduli space,
although some some very special processes are presumably protected by supersymmetry.
This requires, in particular, that rg < 1 or r4 > 1 with o/s 7‘124 < 1. The type IIA
expression follows by use of the usual T-duality relations

Ty = 7‘]51 , ga = r;l gB - (4.26)

The functions 5((227)0), 5((;17)1), 5((??’)0) and 5(((?’)2) are the unique SL(2, Z)-invariant solutions

of the Poisson equations obtained earlier, subject to the condition that they are no worse

than power-behaved in gp as gg — 0. Our interest here is in obtaining the terms in these

functions that are power-behaved in the string coupling gp = €25 ! which is the subject of
the following sub-section.
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4.2.1 The perturbative expansion of A%Eg)

In analyzing the perturbative parts of the solutions to the preceding Poisson equations we
may replace Ag by Q3 8(222 since the perturbative terms are independent of {2;. The cases
(1,0) and (0, 1) were discussed in [fl, §] and reviewed in the introduction, so we will begin
with the next term in the expansion.

(p,q) = (2,0). We start with the coefficient, 5((2 0) ZZ 0 5((22 OQZ of the oo R* ~ DIR?

terms. In this case, alone among the nlne—dlmensmnal terms that we are considering, there
is a logarithmic singularity of order S* log(x) R*, which arises from the sector with zero
Kaluza-Klein modes, m; = ny = 0, which enters into the function 5(( )0 0)° In addition to the

(2)

analytic part, proportional to &£ ) 72 2R*, the amplitude therefore contains a nonanalytic

(2.0
part,
o = €y 5" log(x/Cra)) RY, (4.27)
For r = 2,4,6, we see from ([.1§) that the perturbative parts of 5((5 )OT) satisfy
(203, — r(r + 1)EDTPTE = gy (4¢(3)03 + 8((2)) log —2 (4.28)
Q2 (2,0) T & Ire e .
Hence
2p2)rpert _ (1) -1 r-2 8ur((3) _ Qo
Qy 5(20) (20)Q +5(2OQ ((r+17)—2)2 3+ (r(r+1) 2)10g4 oo
16¢(2) ur 9 Qy
0+ 1)) QG 1=r(r+1)log e, ) (4.29)

where ug = 20/21, uq = 90/77, ug = 640/165 and agr) o) and ﬁ((g)o are integration constants

(r)
(2,0

power of the string coupling, which does not appear in string perturbation theory, we deduce

(r)
that A0

value of 5(2)0) .

and must be fixed by boundary conditions. Since the term proportional to « ) is an odd

) must be zero. As shown in [§] and in appendix [, this uniquely determines the

Summing all contributions and using the values of w1, us and ug given above leads to
the complete contribution (including the i = 0 term in ([£20))

Qs
4

-6, 012
496125

Q 25(2)pert _ C( )

2.0) ((8)9,° . (4.30)

()Q +%C()

Notice that the sum of the ¢(2) Q52 log Q terms appearing in each 5(( )Z)pert in ({.29) have

canceled with the log 2, factor in 5((22 )0

non-analytic term (f27), which is proportional to g% s* log(x/r%C’(Zo)) in the IIB string

: (E20) and the only remaining genus-two term is the

parametrization).

Furthermore, we see that in the language of type IIB string theory, where €, L= yg,
the S*R* coefficient contains perturbative string contributions from genus-one to genus-
five. The genus-one and genus-two terms (proportional to Qg and €25 2 respectively), are
simply obtained by equating the corresponding terms on the left-hand and right-hand sides
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of (2§). The power-behaved terms at order 5%, Q5% and Q5® have been evaluated using
the method described in appendix [J. We recognize part of the genus-one contribution to
63 R* in nine dimensions derived in [[[(J]. Indeed, the log Q5 term originates from the stringy
corrections to the massless threshold and is associated with the logr term found in [[LJ]. It
is notable that the scale of the logarithm is absolutely determined in this expression.

(p,q) = (1,1). Now we turn to the power-behaved terms in 5((;1 )lp)ert, the coefficient of

the o903 R* ~ DOR? contribution, which are determined by ({:23). In this case the source
term (the right-hand side of (f:29)) contains the powers Q3,...,Q;* which lead to terms
with the same powers in 5((12 )lp)ert. In addition there are § terms that are again deduced

from the expressions in appendix [J. The result is

7168 _o 1456 Qo 3248

_ 4)per — _
Q; 35{1}5 - 180(3) + - C(2)((3)92% * ~ 5= ¢(2)%; % log 4wce+T<(4)Q24
98 6, 896 s 304 10 185600 1
5 C(6)2 %+ e )0 * + o C(10)05 1 e 7 C(12)925 2. (4.31)

Note that the scale of the log €2y term is determined in this expression. Thus €25 35((;1 )lp)ert

contains terms that are interpreted as perturbative string theory contributions from genus-
one up to genus-seven. Note, in particular, the presence of the genus-two log 25 term. This
is directly related to the presence of a S° log(—S) term at genus-two in ten-dimensional
supergravity, as we saw in (B.2§) and which is required by unitarity. This will be discussed
in the analysis of ten-dimensional L = 2 supergravity in appendix [E.]. Importantly, the
log square terms — present in each & ((i)lj) contribution — have canceled out in the sum. This

corresponds to the cancelation of the leading 1/€2 pole also described in appendix Ed.

(p,q) = (3,0) and (p,q) = (0,2). Finally, we turn to the coefficients of the two order
S6R* terms, 5((;)(%ert and 5(3)21))6”. These are determined by (}£.24). In this case the source
term on the right-hand side of each of these equations contains the powers Q9 ..., Q5 6
which determine the corresponding powers of (2 in the solutions. In addition, there are 8
terms with powers 5 8 8y 16 that are determined by the expressions in appendix D.

The resulting perturbative terms in the solutions are

QL IESE™ = 96CCB) + ()2 — TR (205
11760 (4) 25 log C‘;fo) + 200005 + L2005 + 21005
%{(12)9512 — 7103725482454(14)9514 + %g(m)ﬁ;w (4.32)
and
Qe = 960(3)0(5) + S ()0 - T2 c(3)c(2)0;?
+1680¢(4) 257 Tog 021) + 22050 + 2R )05t + 22ca0)0;"
+ 1?3231 ¢(12)Q5 "2 %g(m)@;“ + %4(16)95%.33)
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Thus, these modular functions contain perturbative string contributions from genus-one
up to genus-nine. Note, in particular, that the €5 2 log 25 terms which are present for
each individual eigenvalue have canceled in the sum. There remain two genus-two terms
in (.33) and ([£.33), which have coefficients proportional to ¢(2)¢(3) and ((2)¢(5). Here
we see another example of the lack of transcendentality. The example described in the
introduction arose in comparing contributions of different genera whereas here it arises
purely at genus-two. The only log terms in (f.33) and ([.33) are the ones associated with
the power €5 4 which correspond to genus-three terms in string theory. As we will see,
these have the numerical values expected on the basis of string unitarity. The undetermined
constants C(3) and Cg 7 are once again associated with the scale of these log terms.

In addition to the terms in ([£39) and ({.33) there are Q-independent terms arising

from 5((??’)0()) and 5((3’)2()) of the form ((2)? log(V2A), as given in ([C:26). This is the same log A

divergence that we found in the case of the S! compactification to ten dimensions in ([B-80)
and (B.81). This new A-dependent term should be canceled by a local counterterm. The
values of the earlier local counterterms, such as the one that cancels the A® behaviour of
the one-loop amplitude, were determined by enforcing T-duality and the equality of per-
turbative type IIA and IIB four-graviton scattering at low genus. Whether this argument
can be extended to the case of the log A terms is not clear.

4.3 Connections with string perturbation theory in nine dimensions

We can now compare the perturbative terms in the modular functions with known features
of string perturbation theory. Contributions to terms that contribute in the ten-dimensional
limit rg — oo up to order DOR* arise from one-loop and two-loop eleven-dimensional
supergravity compactified on 72, as discussed in B-H. No further ten-dimensional terms
arise from the expansion of L. = 2 supergravity to higher orders in momenta as considered
in this paper. A dimensional argument shows that in order to generate higher-order ten-
dimensional string theory terms one needs to consider higher-loop supergravity amplitudes
with L > 2, together with corresponding counterterm diagrams that cancel divergences.
One example that is easy to extract explicitly is a contribution Er/, D*R?* that emerges
from a diagram involving two R* counterterms that cancels the contribution of a pair of
one-loop sub-divergences in three-loop supergravity diagrams, as shown in figure [|. The
emergence of this term follows from a simple dimensional argument that takes into account
the fact that the double-divergence behaves as A% (i.e., A3 for each loop). However, there
is no reason to expect this to be the complete (a/s)* log(x) R* contribution.

As we saw in the last subsection, the perturbative expansions of the modular functions
considered in this paper all begin with genus-one terms followed by a finite series of higher-
genus corrections. Some of these terms may be compared with the known string theory
results, which mostly come from the low-energy expansion of the genus-one amplitude [[L(].

4.3.1 Comparison with genus-one string theory

The terms in (f.2§), apart from 62 R* and 63 R?*, disappear in the ten-dimensional 1B
limit, rg — oo. However, as discussed earlier, if the supergravity approximation does
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make contact with string theory this would happen for large values of r4, which is de-
scribed by T-duality from the IIB expression in the small-rp limit. In this limit there are
terms with both negative and positive powers of r4. Those proportional to r4 give rise to
perturbative contributions of type ITA theory in ten dimensions. These comprise a genus-
one contribution to 63R* ~ D3R4, a genus-two contribution to G263 R* ~ DIOR?* and a
genus-three contribution to the D2R* terms 63 R* and 63 R*, which will be discussed in
the following subsection. There are also terms which behave as r}fk, which diverge in the
decompactification limit 74 — 0o and must be resummed in order to reconstruct the string
thresholds in ten dimensions, as explained in [@} In addition to terms that are power-
behaved in r4, in type IIA string perturbation theory there are exponentially suppressed
terms of the form e™"4. Such highly-suppressed terms do not appear in the compactifica-
tion of the perturbative supergravity amplitude, which is not sensitive to terms of the form
e~ V» that decrease exponentially with the compactification volume.

e Consider the type IIA interpretation of the analytic contributions obtained in the
previous subsection. The genus-one terms of the modular functions in (4.25) have
the following form,

. 1 1 X 7"?4 9. . 27‘3 3, 4.
an = 2¢(2) <a + 34 ¢(3)o3 + ﬁC(3) G203 + ﬁ(@)((@ (UQ + §U3> (434

- 55 7aC(3) (0 /r4) 3.

The analytic terms in this expression are exactly the same as those obtained from

the genus-one string theory calculation in [[l0], so the L = 2 eleven-dimensional

supergravity on 72 precisely reproduces these genus-one terms in string theory.
@)

(2,0)
tiplying the 62 R* contribution, which contains log Qs = —log(g?) factors of the

The logr4 contribution in the last line of (4.34) comes from the function &£ mul-

form
1 16

2 003) loslg8) = ra 5 C(3) log(gf /). (1.35)

The coefficient of the logr4 piece agrees with that calculated in genus-one string
perturbation theory on a circle of finite radius r4 = 7‘151 in [[[]]. This leaves a term
proportional to log ga.

e The genus-two term at order 6263 R* ~ DIOR? contained in 58")1) in equation (f.31)
has a log Q) factor, whereas the terms proportional to log? Qs in each 58")1])' cancelled
after summing up all contributions. This is consistent with the absence of the 1/¢2
pole in the total two-loop supergravity calculation detailed in appendix [{]. After
T-duality, this A = 2 term transforms into a term in type IIA that is proportional
to r4 and therefore survives the r4 — oo limit. It is therefore gratifying that its
coefficient agrees with that evaluated by dimensional regularization in ten dimensions,
as described earlier.
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e The functions 5((??)0) and 5(((?)2) of equations ([{.3) and (f.33) exhibit a genus-three

logarithmic term of order S® R* of the form

~ ga
r5°C(2)%g5 1og gp = ral(2)%g log e (4.36)

which shows that these terms are again proportional to terms nonanalytic in 74 in
the ITA theory that are proportional to r4. Therefore these terms survive the ten-
dimensional ITA limit, which was obtained in the S' compactification in (B-27). Since
the ITA and IIB amplitudes are equal up to at least genus four, it follows that these
terms also arise in ten-dimensional IIB with the same coefficients. This, in turn, is
consistent with two-particle unitarity [R1], which relates the order S®R?* threshold
contributions at genus-one and genus-three in string perturbation theory. The precise
coefficients of the genus-one (h = 1) massless thresholds at order S%R* have been
evaluated in string theory [[(]. The coefficients of the genus-three terms deduced
above imply that the h = 1 and h = 3 terms combine into the nonanalytic term
proportional to

5/9 11 1
QB/ Es5)9 <m03 + 1—50?2,> log(x) R*, (4.37)

which is precisely the anticipated non-perturbative threshold term [R1].

5. Supersymmetry and higher-derivative couplings — a schematic discus-
sion

In this paper we have analyzed the momentum expansion of the two-loop four-graviton
amplitude in eleven-dimensional supergravity up to order S® R*. We considered the com-
pactification on S! to make contact with the ten-dimensional IIA theory, and on 772 to
make contact with the nine-dimensional IIB theory. In the S' case we obtained a number
of higher-momentum terms that correspond to terms of particular genus in string pertur-
bation theory. In the 72 case we obtained a number of higher-momentum terms with
coefficients that are specific SL(2,Z)-invariant functions of the complex scalar coupling
multiplying particular powers of rg. We have found some impressive matches with pertur-
bative string-theory results at different genera that are obtained from direct calculations
in string perturbation theory [L0] combined with unitarity constraints [R1]. However, it
is clear that there would be immense problems in going further in this manner. To begin
with, the pattern of ultraviolet divergences of Feynman diagrams becomes much more com-
plicated at higher values of L, which raises questions about how to implement the cutoff on
the Schwinger parameters at higher loops. Furthermore, it is unclear whether this proce-
dure of computing supergravity amplitudes with an ultraviolet cutoff and determining the
finite part by using string dualities, can account for the details of intrinsically M-theory
quantum effects, such as quantum effects of membranes, to all orders in the low energy
expansion of string theory. Interestingly, according to the argument in [[L]] that uses the
pure spinor formalism, the terms of order S®R* are the first terms for which one does not
expect a non-renormalization theorem to hold just on the basis of supersymmetry. It is
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therefore of interest that the genus-one pieces and the threshold pieces of the genus-three
terms in the SOR* coefficient functions match the string theory results.

More generally, it is of interest to consider to what extent the structure of the coef-
ficients in the momentum expansion might be determined by symmetry constraints that
might generalize to higher orders. In particular, it would be of interest to determine the
extent to which maximal supersymmetry controls the form of the inhomogeneous Laplace
equations satisfied by the coefficients.

5.1 Supersymmetry

The structure of the Poisson equations satisfied by the coefficient functions should be highly
constrained by maximal supersymmetry, although this has not been explored in detail
beyond the lowest order term in the momentum expansion. In the case of the R* term
the supersymmetry constraints are indeed known to determine that the coefficient function
is the modular function FE3/; l5]. At general order in the momentum expansion the
requirement is that the full effective action be invariant under the modified supersymmetry
transformation with spinor parameter e acting on any field ® is

5% = <5<0> +a? 5 4 o5 +) o, (5.1)

where 6 is the classical supersymmetry transformation and 6™ & denotes the modified
transformation at O(a/™). Invariance of the modified action, (o/)*S = @ 4o/ S0 .. +
(/) S™ 4 .. (where S is the action at order /™) requires

<§T: O/m5(m)> iamS(”) =0, (5.2)

m=0 n=o

Furthermore, the modified supersymmetry transformations must form a closed algebra
when acting on ®, modulo terms proportional to the modified ® equation of motion and
local symmetry transformations. This means that the commutator of two supersymmetry
transformations with spinorial parameters €; and ey is given by

[01,02] ® = —2Im(€x7"€1) 0P + P eq. of motion + djca; P, (5.3)

where v, is a Dirac Gamma matrix for the ten-dimensional theory, the second term is
proportional to an equation of motion and the third term represents local symmetry trans-
formations.

In [ these equations at order o % were used to determine that the ten-dimensional
type IIB R* coefficient satisfies a Laplace eigenvalue equation of the form ([13) that has
as solution the modular function £ g) = F3/3. A similar argument at ol(% 5) involving 6()
determines the modular function £ ) = Es/2/2 BJ). Similarly, the form of the Poisson
equation with a quadratic source term ([.1) that determines Eo1) = E3/2,3/2)/6 is at
least in qualitative accord with supersymmetry at O(o/ 6) . However, in this case, not
only do the classical supersymmetries mix the o 6.506) with the O/ 6) supersymmetry
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transformations, (9, but there is also mixing with the ole% 3) variations, 6@, of the terms
in SG),
5 50 1 663 5B 4 50) ) — ¢, (5.4)

as well as in the closure of the algebra, where we require (ignoring detailed coefficients)

6

00, 60+ 50, 601+ B0, 60 = 04 252 4 . 55)
We may refer to terms such as 63 S and their generalizations at higher order as ‘inter-
mediate mixing terms’. These are terms of intermediate order in o/ that mix with the §()
(i.e., classical) variation of a higher-order term. The detailed analysis of these constraints
is very cumbersome and has not been carried out. However, the structure of (5.4) and (F.5)
is just what is needed for the coefficient function £ 1) to satisfy a Poisson equation with a
source term that is proportional to E3/5F3 9 arising from the presence of the contributions
from intermediate mixing, 6® S®) and [5%3), 553)].

More generally, at order /" the modified supersymmetry conditions,
P
Z sk gk) — ¢ (5.6)
k=0

mix all terms at orders k& < p. The Poisson equations can, in general, have a number
of distinct source terms that are quadratic in different lower order terms, as we have
seen. There may also be degeneracies in which several terms of the same order mix under
supersymietry.

5.2 Systematics of the nine-dimensional amplitude

These arguments suggest how the pattern might continue to higher derivatives. The general
structure should involve Poisson equations with quadratic source terms that are determined
by commuting two supersymmetries. Each factor that appears in the source is itself a
modular function associated with a lower-order interaction or modified supersymmetry
transformation. The fact that the source terms in the Poisson equations found in section
should be consistent with supersymmetry should therefore provide information concerning
classes of terms in the nine-dimensional amplitude.

We can illustrate this in a very schematic manner by listing the subset of terms required
to reproduce the Poisson equations that we earlier obtained by analyzing L = 2 diagrams
of eleven-dimensional supergravity. In the language of the effective action, and ignoring
coefficients, the effective action contains the following terms,

9 9
5(9) = iu)ljset + ST(’&)St ’ (57)
where Sgb <t 1S a subset of terms of the form D2?* R* that will mix with each other under the

intermediate supersymmetries, such as 6 S in (£.4) and its higher order generalizations.
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The following set of terms is needed
subset /dg (R + o ES R4 + Oé -2 E% D2R4

. —4 454 16 (0) —6 1.\ D64

+ 7‘158 E%) D8R* + 0/8(7";4 5((37)1)

9, _ 6 _
+o’ (15 sy + 15" E121)D12R4>, (5.8)

—1-0/7 (7";2 £?

—10 104
(2,0) +7rp E%)D R

where D'2R* stands for both kinematic structures o3R* and 03R* (and G is the metric
in the nine-dimensional space transverse to the torus). The coefficient functions are various
modular functions, including some that have been discussed in this and earlier papers. We
have included the interaction 75 E1/2 D?R* ~ g E1/2 o1 R*, where oy = S+ T + U,
even though it vanishes on shell when the dilaton is constant, because it is important for
the structure of o/-corrected supersymmetry transformations. In considering the super-
symmetry variations of the fields in the action we need to consider general infinitesimal
transformations (that are not on-shell). This is the k¥ = 1 term in the series of terms,
7")19_% Ey_1/2 D?RA | that arises from L = 1 supergravity on 72 [, fi.

9)

The remaining terms, which are contained in S, include a host of further contri-

rest?
butions that mix with Siu)ljs .. under both the classical and higher-order supersymmetry
transformations. Such terms, which are not of the form D?* R* but involve the other fields
in the supergravity multiplet, generally carry nonzero U(1) charge, u (where U(1) is the
R-symmetry of the IIB theory). The moduli-dependent coefficients of terms of this type are
modular forms that transform with a phase under SL(2,Z) that compensates for the non-
zero phase associated with the charge u. An example of such a term is 5( 0) G? R3?, where G
is the complex type IIB three-form that carries unit U(1) charge 23 and the modular form
5’(0 o) is given by acting with a U(1)-covariant derivative u times on the Eisenstein series
E3/5 [LH]."3 Such U(1)-violating interactions are not present in classical I1IB supergravity
and are believed to arise in string theory only in n-point functions with n > 4.

The double expansion in powers of o and powers of 7‘]52 in (5.§) fits in with the
general structure expected from supersymmetry. Demanding supersymmetry at a given
order o/%"? r5 " gives conditions that can schematically be argued to associate modular
functions with source terms as shown in the table. In the first line the source arises from the
presence of o/ 3 E3/o R* and o/ 7‘§2 Ey/o D?*R* in (B.§), together with their supersymmetric
partners, which we have not determined. The powers of both o/ and rp are such that these
terms can mix with the () transformatlon of the O(a rg %) terms. In the second line,
the first source term comes from o’ E3/2 RY with « 57‘B4 E3/9 DAR*, while the second
source term comes from the o/ 7‘]54 E1 ) D?R* (more precisely, from the term sWSM i
the supersymmetry transformation at order 7‘]54). In the third line the first source term

comes from o/* E3/o R4 and o° 7’;6 Es5)o DSR* while the second source term comes from

13The superscript © was suppressed for the coefficients E(p,q) of the U(1)-conserving terms considered
explicitly earlier in this paper, which all have u = 0.

— 48 —



ORDER | COEFFICIENT SOURCE
17, —2 (2) .

a'rg 5(2’0) E%E%
/8 —4 4)

arg 5(171) E%E% —|—E%E%
9 -6 (6)

o g 5(370) E%E% —|—E%E%

Table 1: Summary of source terms associated with the inhomogeneous Laplace equations for
various coeflicient functions.

o 7‘]52 Eq)o D?R* and o/° 7’;4 E3)9 D*R*. In this manner we can see how the structure of
the source terms in the Poisson equations of section {f arise.

These very sketchy arguments do not explain why the modular invariant coefficients
in (£.9) are generally sums of modular functions satisfying Poisson equations, as we have
seen in the examples derived from L = 2 supergravity in this paper. This could well arise
from the possible degeneracies in terms that mix with each other under supersymmetry

mentioned earlier, which obviously merits further study.
9)
ubset

in (F.§) is not complete.
In the case of the lowest derivative terms, R?*, 5oR* and 63R?* the complete coefficients

Finally, even the set of D?* R* terms shown explicitly in Sﬁ

can be deduced by imposing T-duality on the expressions obtained by compactifying L = 1
and L = 2-loop supergravity on a circle.!* The terms of higher order in o/ have not been
completed, although T-duality, together with the tree-level and one-loop perturbative string
theory ‘data’, do lead to some very suggestive constraints on the missing terms. However,
we expect significant generalizations in the structure of the Poisson equations satisfied
by the coefficients of the higher order terms, and a complete determination will almost
certainly need an extension of the considerations of this paper.

5.3 Concluding remarks

We have determined terms in the derivative expansion of type II superstring theory that
arise via duality from compactification of two-loop (L = 2) eleven-dimensional supergravity
on a circle and on a two-torus up to order S%R%. In the case of the two-torus compacti-
fication these coefficients are sums of modular functions of the scalar fields, satisfying an
intriguing set of Poisson equations on moduli space with source terms that are bilinear
in lower-order coefficients. This is the principle message of this paper. The structure of
these equations has a form that is in line with the expectations based on implementing
maximal supersymmetry. Although the terms that we have determined in this manner are
incomplete, there are many intriguing correspondences with results directly obtained from
string perturbation theory at tree-level and genus one in nine and ten dimensions. This

MFurthermore, the exact form of the coefficients of these terms is known in eight dimensions, where they
are SL(3,Z) ® SL(2, Z)-invariant functions [@7@ The exact nine-dimensional expression can therefore
be deduced by decompatifying these expressions.
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structure should generalize to the larger moduli spaces that become relevant upon com-
pactification to lower dimensions. Examples of this are the SL(3,Z) ® SL(2, Z)-invariant
functions relevant to the compactification on 72 to eight dimensions that were mentioned
in the previous footnote.

As emphasized in the introduction, supersymmetry guarantees that this structure
should also apply to the low-energy expansion of the four-particle amplitudes in which
the external states are any of the 256 states in the supermultiplet. These amplitudes con-
serve the U(1) charge, u. However, as we have discussed, the full nonlinear supersymmetry
relates such processes to amplitudes with total u # 0, and should therefore provide inter-
esting constraints on these U(1) non-conserving processes. However, the analysis of the
complete set of conditions implied by supersymmetry is far from complete.

All this suggests that the exact expressions for the moduli-dependent coefficients at
higher orders in the low-energy expansion are given by duality-invariant functions that
are solutions of generalizations of the Poisson equations obtained from two-loop (L = 2)

supergravity ({.15).
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A. Properties of the integrands B, q

In this appendix we will describe properties of the functions B, ,) that enter in the inte-
grands of the coefficients I(, oy in (R.56). The coefficients I o) and I(g 1) were computed
in [, B], respectively. The higher order coefficients of interest here are I2.0ys 1,1y, L(3,0)5
I(0,2). Recall that the functions By, ,) are proportional to the functions By, ,) that enter

into the expansion of the integrand in (B.11),
Bp.g) = dip.g) Biw.a) (A1)

where the coefficients d(, ;) are arbitrarily chosen integers that avoid the occurrence of
unwieldy coefficients in the main equations. The values of d, 4) of relevance to the examples
in this paper were given in (P.39).

After mapping the integrand from the domain in figure fj(a) to figure fJ(b) the functions
B(IMZ) (71, T2) are manifestly invariant under the transformation 71 — —71, which is equiva-
lent to the symmetry 7 — 1 — 7* in the original region. This means that the dependence
on 71 enters via the combination

T = -1+ |1, (A.2)
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and there is a discontinuity in d,, at 71 = 0. The coefficient of the o9 R* ~ DR* term is
simply B 0)(7) = 1 [[. In this notation the coefficient of the o3 R* ~ DR* term [§] in

(R:23) and (£.40) is given by

1—6Ty b5T?
1_1__31‘

Boy(1) =72+ (A.3)
To 5
We will here show that the higher order functions By, 4)(7) are given by sums of the form™
B
3N—2i
B g(m) = Y b (r), (A.4)
i=0

where N = 2p+ 3¢ — 2 and bép 9 satisfies a Poisson equation with delta function source of

general structure

Abép,q) (7—) = Z(Z + 1) Z('p,q) (7—) — T2 CZ('p,q) (7—2) 5(7—1) ) (A5)
where cl('p 9 (12) is a polynomial of order N — 1 in 7 + 7, ! The index i takes values

[3N/2]. The range of the summation index in (A.4) is determined by the powers of 1/79
in the expansion of By, ;) which has the general form

2N
Bipg(m) =Y ailln)m > (A.6)
=0

where ¢o;(|71]) are polynomials of degree ¢ in T7. The highest inverse power of 75 in this
sum is given by a constant times T12N Ty 3N

An important feature for later considerations is that ga(|71]) = qgo) (1 —6T1)/6 where
(0)

¢y is a constant. Since
1
/2 dri(1—6T1) =0, (A7)
1
-3

it follows that the zero mode with respect to 7 satisfies

1
2 _ _
/ dr1 (Bpg) — qoms"217%) = O(r3P 2179 . (A-8)

[NIES

In the following subsections we will present the rather unwieldy complete expressions
for the By, ,) functions up to order N = 2p + 3q — 2 = 4 of interest in this paper, which
result from computer evaluations. However, it is worth noting two general features of these
functions that are straightforward to derive to all orders.

Firstly, for the special value 7 = 0 (or Ly = 0 in terms of the original Schwinger
parameters), only the planar diagrams contribute to the amplitude and the integrals over
the vertex positions ¢, can be computed explicitly. The result is

N
Bipgy(La/L1 =0,,Ls/L1) = apq > c(k)e(N — k) 75 %%, (A.9)
k=0

15We would like to thank Don Zagier for explaining us the mathematical significance of this decomposition
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where
NI(N+2)(p+qg—1)

VT
Qpg = , c(k) = . A.10
P plg!2r3d (k) 22k+1(k + )T (k + 2) (A.10)
The coefficient «, 4 arises from the conversion of o2 to ohod using the identity [g
(p+q-1) P _q
Onp =" Z fazag, (All)
2pi3an plq!2r34

while the coefficients c¢(k) come from further combinatorics in the expansion of the inte-
grand (R.11)).

Secondly, for arbitrary values of the Schwinger parameters, L, the leading terms in
the expansion of B(p,q) for large 1o = A%/(Ll + Ly) are

By (La/Ln, Ls/L1) = apg (aN by (16T 2+ O(ry —4)) , (A.12)

with
B VT o VE(N DIV - 1) s
TRNI(N4 )T (N+3) VT 3N (N4 L) '

an

A.1 Properties of B, )

The modular function B, ) that enters the 03 R* ~ D'R? interaction has the form

4 22—15Ty +40T2 2T (11 -43Ty) 32 T}
Booy=-7m3+(1—6T1)+= L - =~ . (A4
(20) = 57T +( 1)+ 5 p T P 5 79 ( )
We will now describe the iterative process for writing Bs ) = Z?:o b%ﬁ 0y’ where each

of the functions b%io) satisfies a Poisson equation with delta function source of the form
given in (A.J). The procedure will be the same in the cases with N > 2. First consider
the action of the laplacian A, = 73 (9% + 02,)) on a function of the form g, (|m1])/75 with
qn(|71|) polynomials of degree n in the decomposition of the B, gy in ([A.§). The action of
the laplacian gives two types of contributions

!
ATq¢L(|Z'1|) :r(r—l—l)qnﬂ:ﬂ) n %(JED . (A.15)
Ty Ta Ta

The first contribution is proportional to the original function times an ‘eigenvalue’ de-
termined by the power of 7. The second contribution is of the same type as the original
function but with the power of 75 increased by 2 and the numerator is a polynomial ¢/ (|71|)
of degree n — 2. The linear term |71| in ¢, contributes to the §(71) source in the Poisson
equation using 02 |11| = 26(71). Splitting off this contribution by writing

(7)) = dn(|m1]) + iV 6(m) (A.16)
one finds that (A.15) can be rewritten as

A, (qn(!n\) L+ n(Iml) ): 1) <qn(!n\) L dnllm) )

5 (4r — 1) 7572 T (4r — 1) 7572

(A.17)

~1

1
dn gt
(4r — )75~ 752

5(7’1) .

— 52 —



By iterating this procedure until the degree of the polynomial in |71| is 1 or 0, one can
construct an eigenfunction of the laplacian A, together with a delta function source term.
This defines the function b?évq) that contains the most negative power, 75 3N After sub-

tracting this function from B, ), the most negative remaining power is 7, 3N+2 and the
above procedure may be repeated to determine the function bi()’évq_f, and so on until the
complete set of functions has been determined.

)

Applying this procedure to By ) leads to a sum of the following b(2 0) functions,

13
b(()z,o) (1) = 91
10 (1-Ty)?
b%270)(7') = ﬁ <T22 +1-— 2T1 + Tig
10 3 1— 9Ty + 1577 1-T
bag)(T) = ﬁ<722 += (4 — 15Ty) + = L 71 - >
32 10 1 — 20Ty + 7017 3-147 33T}
6 2 1 1 2 1 1
= — —(3 — 14T T . (A1
b (7) = o (o (3 = 14ty T O o B (aay
These functions satisfy the inhomogeneous Laplace equations for » = 0,2,4,6
Abg o) (T) = 7(r + 1) blg ) (T) — 2ur 72 (72 + 5 1) o(), (A.19)
where ug = 0 and, for r = 2,4, 6,
1 10 45 64 10 10 32
r — —~{4r 1)—-2)= a1 7~ 00 r = PYRET TS A2
ur = g (r(r+1) =2) <21 7 33> e <21 7 165> (4.20)
The value u, can be computed by
7, b0 = —2u, (14 75 2) (A.21)
71=0

A.2 Properties of By )

The modular function associated the coefficient of o903 R* ~ DOR? is given by

4573

7 (10 — 75Ty + 19172 — 2 _ 3
B(lvl) :T+35 (1 _ 6T1) 7_2_1_ ( 1 + 1 ) + 45 42OT1 + 1372T1 2086T1

2719 27'5’

T? (285 — 12647} + 1761T7)  T7 (347 — 782Ty) 14577
+ 275 + 277 273
2 2 2

(A.22)

Following the previous iterative procedure this function can straightforwardly be shown to

2j+1

be a sum of five modular functions By 1) = Z?:O b(f 1 that again satisfy Poisson equations
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with delta-function source terms,

245 1-7
by = o <72 +— ) (A.23)
— 20371 + 4677T} T
bl 1) = —ﬁ ( — 67975 4 3 (176 + 679T) 75 + 079 + 20371 +3 O7T1y + 6791 (A.24)
’ 7—2

3 (~176 + 1735T} + 679T2) >

T2

49 6 (4— 25Ty 4+ 35T¢)  7(—1+ 12Ty — 3677 + 28T})
63(—1 4 11)°T?
+ ( +5 )T > (A.25)
T2
1862 5 (11 — 98T + 21077)
7 _ 3 1
b(lvl) = ——7293 < — 97—2 + 5 (—11 -+ 45T1) T2 — P, (A26)
9 (—1+25T —140T7+210T) 3377 (6—38T1 +45T7) 429 (—1+Ty) T}
+ 3 o 5 + 7
T2 T2 Ta
1 18620 (—11 4 45T1) 7o~ 18620 (11 — 98Ty + 21077)
9 3
= —— (1117275 —
b = 1562 < 7275 3 * 37
11172 (=1 + 25Ty — 14077 + 210T) 4096477 (6 — 38T + 45T¢)
o 73 + 5
2 2
532532 (—1+T1) T 3524957
_ ( - + 1) 1 4 5 1 > . (A27)
T2 b

The inhomogeneous Laplace equations satisfied by these functions are given by, for r =
1,3,5,7,9

Arbiy gy = r(r+ 1)bfy1y — 272 (1)71(7'22 + 152 + w") §(m1), (A.28)
where the constants v" and w” are given by
14 - 679 196 - 14 18620 - 45 6090 - 11

1_ 3 _ 5 _ 7 _ 9 _

v =0 VTR 13 " 7293 " 2431
245 14 - 1735 196 - 25

1_ 430 3_ _ 5 _
w = 33 w 43 w 3 (A.29)
W' — 18620 - 98 W — 6090 - 30

- 7293 2431

A.3 Properties of B3 and B )
The integrands that define the coefficients I3 ), /(o,2) of the S6R* contributions o3 R* and
03R4, respectively, are

3

B o) = 2475 +45(1—6T1) 75 +4 (14— 10571 +27077) + 2

(15— 1407} +462T7 —75617)

6 3T7
+— (4—45Ty + 19077 — 3907} + 55877 ) + —- (58— 3347 + 71577 — 140277 )
T T

2 2
2474 2416 51678
+ 781 (10—41T1+167T12)+T01 (7—93T1)+T—121 (A.30)
2 2 2
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and

45—420T + 135817 — 190471}
2

Bog) = 2475 +45(1—6T1) 75 + 14 (4— 30Ty +7572) +

72
T? (174—942T, +1265T¢ 4 1418T}
(4 45T +185T2 33075 +197T1) + = ( Sl 1)
72
2T14 76T 494T¢
—§ (105 — 967y — 15297¢) — e (1-27T1) — 7 (A.31)
The functions B3 ) and Bg 5) are each given by a sum of seven functions b(3 0) and b%ﬁz)
with k£ = 0,...,6, which satisfy Poisson equations, The detailed form of these functions is
straightforward to determine using the iterative process described earlier, giving
12264
0o _
(3,007 "715 7 (A.32)
2408 (1—T1)
2 2
biz.0) = — 143 (Tz +1 =27 + 72 ) (A.33)
4 42 2 2
(39 = 13155 391575 — 20 (—181 + 783T}) 74 + 3 (547 — 30307} + 783077 )
10 (—362 + 9097y — 7321 + 156617
5(—1+Ty) (—783 4 23497y + 413T¢ + 78317
L5 D ( s 1 1)>7 (A.34)
2

1
bs0) = ~ 33 (—20322751 +5 (—10889+609661 ) 75 — 10 (—1827— 72807} +10161077)

5 (—10889 + 145607 + 91294T7 + 28450877
2

P
6 (3387 — 5080517 + 11253077 + 1522607} + 152415T7")
s
3317 (—6774 + 203221 + 1329572 + 677471}
il = 1 1)>, (A.35)
2

2
b3 0) = 5717 <7920¢2 — 3600 (—17 + 66771) 73 + 25200 (4 — 30T} + 5517)

3600 (—17+210Ty —798TE +924T) N 7920 (1—30Ty +225TF — 6007} +495T7)

2 T3
5 2
10296077 (—1 + 211) (2 — 12T + 1177) N 514800(—1 + T1)2T14> (A.36)
_ 5 8 ) ’
Ty 72

blO — 2
(3:0) 7 1062347

+407484 (—22 + 3697y — 188177 + 300377)

2
T

756756 (1 — 49T, + 567T2 — 231073 + 3003T})

1
Ta

( — 75675675 + 407484 (—22 + 9171) 73 — 333396 (50 — 4517} + 100172)
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+2270268T12 (=15 + 2157y — 88077 + 10017})
6

T2
128648527 (15 — 87Ty + 91T2) 244432188 (—1 + T1) TF
- LS _STOAOUE) | MUSS (LTI, (A3)
T T
2 2
b2y = = (167707} + —40248 (=7 + 30Ty) 75 + 119196 (5 — 527} + 1307¢)
(3,0) — 96577 T 1) T2 1 1
281736 (—1+22T7 —143T7+286T7) 16770 (1—721} +1188TF — 68647} +1287077)
B T2 + T4
2 2
114036077 (—1 + 22Ty — 143T7 4 286T7) 216668473 (5 — 5217 + 13077)
B T6 + T8
2 2
433336877 (—7+ 30T1) 2491686677
— L + ==, (A.38)
) T3
and
12264
0 —
bo2) = 75 (A.39)
2128 (1-T1)
2 _ 2
b(072) = —m <7'2 + 1-— 2T1 + 7-722 5 (A40)
42
blogy = i <3385T§ — 20 (—69 + 677T1) 75 + 3 (—927 + 26307} + 677017)
10 (—138 — 7897y + 19927T¢ + 1354T7)
5(—1+1T1) (=677 + 20317y + 280712 + 67713
LT (677 + LT Lt 1)>, (A.41)
)
1
b0 = ~E6l <— 609075 + 525 (—43 + 174Ty) 75 — 350 (61 — 4207} + 870TY)
525 (—43+2807; —574T7+812T7) 210 (29—435T1 + 150077 — 120077 +130577)
+ 72 o 74
2 2
115572 (—58 + 1747y — 6517 + 58T
4 1( + 61 1t 1)>’ (A.42)
T2
1
blo2y = B (22751 — 10 (=17 + 66T}) 73 + 70 (4 — 30T} + 5517)
10 (=17 4 2107y — 798TE 4+ 924T7) 22 (1 — 30T + 2251 — 60077 + 495T7)
- +
2 4
) Ty
286T2 (—1+2T1) (2 — 1271 + 11T2)  1430(—1 + T1)° T
_ 20T 1)(6 - ), 1430( hi ) 1>, (A.43)
T2 T2
1
bl = ~E5013 ( — 9094875 + 48972 (—22 + 9177) 75 — 40068 (50 — 4517 + 10017})
+48972 (—22 + 3697y — 188177 + 300377)
2
T2
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90948 (1 — 49T} + 567T2 — 231073 + 30037T})

4
Ty
272844T% (—15 + 2151, — 88017 + 10017}
+ 1 ( 61 1 1 ) (A44)
T2
154611613 (15 — 87Ty + 91T7) 29376204 (—1 4 Ty) T?
o -8 + 10 ’
2 2
1
bl = ~ 31 <13OT§ — 312(=7+30T}) 73 + 924 (5 — 527 + 1307%) (A.45)
2184 (—1+22Ty —143T2+286T7) 130 (1—72T1 +1188TF — 686477 +12870T7)
- 72 + 4
2 2
884077 (—1 + 22Ty — 143T¢ + 286T7) 1679677 (5 — 5277 + 13017)
T +6 + -8
2 2
3359270 (=7 + 30Ty)  1931547%
o 10 + 712 :
2 2

The inhomogeneous Laplace equations satisfied by these functions have the form

ATb€p7q) =r(r+1) ZIM]) — 279 (7'2 + 7'2_1) [f&7q)(7'22 + 7'2_2) + g(p’q)] o(m), (A.46)
where
2 15 - 12384 o 9174088 - 11-43200 ,,  10-30483
(B0 ™ 7499 0 JBO T o977 7 GO T o717 0 B0 T 3553 7
174 - 756
4 o 2 _ 70 _
feo = 3@ oo =60 =0
o 6212384, 27874088 4 2443200 ,  10-23203
60 = g9 0 JB0 T T ggsry 0 YO T Tarry 0 Y80 T T gps3
73 . 756 4816
4 _ 2 _ 0 _
93,0 = T Toa31 93,00 = T 143 93,0 = 0, (A.47)
and
2 _ 1562 10 _ 91-4452 P _11-60 I _ 87-350
(0,2) 391 702 5083 ' (02 143 702 187
84 - 1354
4 o 2 _f0 _
fooy =3 fo2=To2 =0,
o 62624 o 278-4452 ¢ 24.60 4 53350
9027 " 7391 0 02T Tppgg 0 J02 T Tg37 0 902 T Tig7
84 - 2143 4256
4 o 2 _ 0 _
90,2 = o431 90,2 = BEVER 90,2 = 0. (A.48)

B. Interactions from circle compactification to ten dimensions

((;1;10) for (p,q) = (2,0),(1,1),(3,0), (0,2) for the circle

compactification that relates eleven-dimensional supergravity to ten-dimensional type ITA
string theory. The method used to evaluate these integrals is an extension of that used
for the (0,1) case in [H], which we will review in the appendix [B.3 (I ((fz)lo)
in [f]). First we will discuss some expressions that need to be evaluated in the course of
the calculations.

We will here evaluate the integrals 1

was evaluated
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B.1 Some basic sums

In the course of these calculations we will encounter both analytic and nonanalytic terms,
as discussed in section P.3.3. The calculation will reduce to the evaluation of expressions
of the form e

Yalv, A x) = Z / dy z=0 e~ ve =3 (B.1)

mez” 0
in the limit y v < 1 and A%?v — oo with v fixed, where f may be a function of Sy and Tp,
but its exact form will be irrelevant in the following (since, in general, we will not keep
track of the scale of logarithmic thresholds). The regulating factor e™xf /% is inserted to
regulate the infrared logarithmic factor as in (R.53).
First consider the case o < 1/2. In this case we can safely set S =0 in (B.J]), giving

A? - A2—2a
Ea<% = Z / dea™%e ™ = 1 +2I(1 — @) ¢(2 — 20) (m0)*" !, (B.2)
OX

“ —
meZ

where the A-dependence comes from the m = 0 term. For later reference we note

_2 3 1 _3 _2 5 3 _5
E_%—gA +;<(3)’U 2, E_%—gA +ﬁ<(5)v 2
2
Yo = A%+ #(2) vt (B.3)

Now we consider the case o = 1/2,

A
~2
SRS /0 G mnier (B.4)

MEZL

Here we cannot simply set y = 0 since this leads to a singular sum, even though each term
in the sum is finite,

A2 1
dr 52 1 T'(5) 2
2( ) mZEZ 0 VT mzﬂm N V3 (1) (B.5)

The presence of a divergence in the form of {(1) shows the importance of keeping the factor

of e™Xf/* in (B3).
Separating the m = 0 contribution and computing the integral we find (for Sfv < 1,
or a’sgy < 1)

* dx L2 1 .
Y1 =20+ / — e mvTXS/T — 9\ 4 — e 2Vmxfuiml
2 27;0 0o VT T;;O Vum

_ . i o —2ymxfu
= 2A 7 log (1 e )

>~ 2A — % log(4mx fv) (B.6)

Notably, the scale of the logarithmic depends on v = R3; but is independent of the cutoff A.
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Another special case that will be needed later is

A2
El _ Z/ dx —7rm2v:c e_x_f

MEZL
1

= log(vA?/C") — 272 (Xf)_% v 2 (B.7)

(where C’ is independent of v and ), as can be checked by differentiating the first expres-
sion with respect to A and with respect to S. The inverse power of x will be ignored in
the following as described in subsection (R.3.3).

We now turn to consider o« > 1. The integrand of X, is more singular at small = so

A2
_Lf
204>1:Z/ drz—%e ﬂmvxe

MEZ
2
= il Z/A dx e —7rm2/vme—x—f
U2 mez
= il Z/ dw w® § —mm2w /v e~ Xfw
U2 ez 1/A2
1 1 2 [v\o3 1
= —1(xf)%—ar<a—§> += (—) ? F(a—§> 2a—1), (BS)
V2 V2 s

where we have performed a Poisson resummation to express the sum in terms of Kaluza-
Klein integers m, and separated the m = 0 term, which is proportional to (—S )%_a and set
S = 0 in the terms with m # 0. We note, in particular, that after again dropping negative
powers of x,

3
S
[N
3
S

‘M
I

(B.9)

B.2 Evaluation of I ((617)10)

The integral I (( 1 10 6f relevance to the o3 R* interaction decomposes into three distinct
pieces of the form

) 3
(d=10) _ ,> 3/2) A ©0) A6
I(o,l) = +I( 1) 37 +I( )A , (B.10)

where v = R%. The contribution I ((0?1) is the finite part of the amplitude, which comes
from non-zero winding numbers, and which was evaluated in in section 4 of [§]. This
corresponds to the tree-level string contribution to the S®)R* term in the amplitude (or
the D®R* interaction). The I ((3/12)) term proportional to A% comes from a one-loop sub-
divergence that needs to be subtracted by the addition of the triangle diagram where one
vertex is the R* one-loop counterterm. The I ((87)1) term proportional to A® comes from
a new two-loop divergence that also needs to be subtracted by the addition of a local
counterterm.

Each of these contributions satisfies a second order differential equation of the form,

2 [(a) [(a)
( 2 0oy a> 0D _ e —1) Y (B.11)

2 ov) oo Ve

— 59 —



Applying the operator on the left-hand side of this equation to the explicit integral I 1)
and using the explicit form of E,

[+ AT |?

B(rV) = vV —". (B.12)
leads to
2 O 9\ 1(d=10) 2 Ve 9 d*r BV
( a2 T2, >I(0,1) = av'v / —3(01)( T)Ae TETY) (B13)
(mn VEZ Ox Fa

After integration by parts, and using the Laplace equation (R.4]) satisfied by Bg,1) this
equation can be reexpressed as

o 0 (d=10) _ (d=10)
<v 202 T %%, 12>I<0,1> =jon) — gy (B.14)

where j(o 1) is the bulk term

2

2 e 2 A7657'2 E
o =—12n° > ) dVV/l — e mE, (B.15)

-
(rh,n) €72 2

and 0o 1) is the boundary term

A2 P N
0Ly =7 > / dv v? aTQB(O y(r)e ™ B(O,l)(f)aTQe—”E) . (B.16)
(r,n)eZ2 F=r A
-2
which receives contributions from 5 = 7'2 = A?/V. Note that the upper limit on V is

equal to A? (whereas V) = 2A%/1/3) since 7'2 =A%)V > 1.
The boundary contributions with 7 # 0 are exponentially suppressed as A? — oo

because they are proportional to
e~V A? (B.17)

Therefore only terms with 7 = 0 contribute to 91 ;). These zero winding number terms
contribute to the sub-leading divergence proportional to A3, which is canceled by the
diagram with the one-loop counterterm of (R.47). Only the leading positive power of 7
in By, ,) contributes in an essential way to the boundary term (B:1d). More explicitly, we

1
may write B 1)(7) = 72 + a1(11)75 t + o(75 %) where f—21/2 driaq(m) = &g = 0. In that
case, after some manipulations (B.1§) becomes

Ol = 72 Z/ dv V(e —E _ ()~ (mn2oV) e_”E)

meZ
2 2 1 9.2 —mVim?
= Z/ AV V(1= 5moVi? Je ™ A
meZ
7T2 6 3 _3 3
= — AN — —((2)((38)v 2 A, (B.18)
3 2
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using (B.J) in the last step.
The contribution from the bulk term in (B.14) is

A2 VTA d7'2 _ 1% m2 2
o =120 Y v V2/ TR gV Gyt (B.19)
L 0 1 T2
(rh,n)€Z?
We now change variables to
x:V/Tg, y:VTg, (BQO)
which are integrated over the domain
0<y<A?, O<z<y, (B.21)
with measure 1
dVdm = % dxdy . (B.22)
Yy

Noting that since the integrand is symmetric we can double the region of integration and
integrate over x and y independently. In these variables we have

A? A?
j(O,l) — —371'2 Z /0 dx/o dy /—x_y e~ Y (mzy-i-n?x)
(rh,n)EZ
3 24 4
= 372 (2_%)2 = —5((3)* = =5 ((2)¢B)A* — - w2 AS. (B.23)
v Tvd 3

Substituting the contributions to j 1) and 91 (@=10) ipto (B.14) gives the Poisson equation

(0.1)
_ 3 45
(V202 + 200, — 12)15371)“” =5 C(3)% - — C(2)C(3) A — 10¢(2) AS. (B.24)
TV 2

This equation is simple to solve using the general formula (B.19), (B.13), (B.14), giving

(d=10) 5 2¢(2)¢(3) | ¢(3)?
1 = 2c) a0 4 X0 | SO0 (B.25)

The A? divergence in I (0,1) is canceled by the counter term JA, of equation (.47) which,
at order o3 R*, contributes

e10) T <2A3 C(3)>:C(2)§(3)_ WX @B A64C§2>, (B.26)

>01) ~ 7\ 73 032 R

v V2

where we have used the value of ¢; given in (R.43). The relative normalisation of the
counter-term triangle diagram with respect to the double box diagram, which is fixed by
unitarity, is such that the A® divergence cancels. We also need to subtract the superficial
AS divergence with a new counterterm

@=10) _ 4¢(2) ¢ , 6¢(2)?
Y

(B.27)

where the value of the constant last term is determined from the value of the genus-two
coefficient of the o3 R?* interaction in type IIB string theory, which is contained in the
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modular function & 1) B (using the fact that the four-graviton amplitudes in the ITA and
IIB theories are identical up to four loops). The total contribution

(d=10) | 7(d=10) @=10) _ C(3)? | ¢(2)¢(3) | 6¢(2)
Ton  +t1oq tolg = 58 T st g (B.28)

Using the dictionary between M-theory and string variables the first two terms coincide
with the perturbative string tree-level and genus-one results. These are also reproduced

by the first two terms of the perturbative expansion of £ ;) (while the last term in (B.29)
is the genus-two term).

B.3 Evaluation of | ((g;)lo)
In a similar fashion to the treatment of I ((gj)lo)

terms with different powers of v (recalling that v = R%,)
(2)

I A3
(d=10) _ (2 0) (1/2) (0) A4
1(2 0y = + 1050 Y + 1(2 0) A* . (B.29)

(d=10)

we may write I (2,0) 38 the sum of three

The contribution ((22?0) is the finite part of the amplitude that comes from non-zero wind-
ings. The piece that diverges as A3 comes from the sub-divergences in which there is zero
winding in one loop and non-zero in the other. The leading A* divergence does not make
sense in string perturbation and is subtracted (just as the A8 D*R* term was subtracted
in ).

Each of the contributions satisfies

2 0%, ONGY _ LY

Now we write By, ) as a sum of the four functions b?270)’ b%zo)v b?2,0)’ b?zo) satisfying Poisson

equations with delta function sources. I ((g BIO) is then naturally written as
(d=10) >
Iy =2 Mo - (B-30)
i=0
The integral h(2 0) needs separate treatment, because b(2 0 = —13/21 is a constant and

will be considered later. The integrals h(2 0)’ h‘(l2 0)’ h?Q 0) can be computed by following
the analogous computation to that given in the last sub-section (and section 4 of [f]). By
definition they satisfy the equations

<v %—i-%a)h’—ﬂ

where F is once again the cutoff fundamental domain 75 < 7'2A = A%/V and V = 2A?/ V3.
Integrating by parts gives for i = 2,4,6

VA d2 N
/ dVV/ —5blo0) (1) Are™ ™" (B.31)
Oy FA

n)EZ2

5 0? o . i . i
< W + 2?}8 Z(Z + 1)> h(270) = j(270) — ah(zo) s (B32)
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where the bulk term is

- ve A72 dr
Jlogy) = —2wim® / av'v / —2 (13 + 1) mEOm) (B.33)
(m,n)ez2 0 17
and the boundary term is
VA R . R

(rh,n)€Z2 A

T=T,
(where )\’('270) and u; are defined in the appendix [A1)).

This boundary term again receives contributions from the region m ~ 7'2A =A%)V
and in the parametrization where £ = v V| + A7|?/7 the contribution with 7 # 0 is
again exponentially suppressed as A2 — oco. The 7 = 0 terms contribute to the sub-
leading divergence which is regularised by the diagram with the one-loop counter-term of
equation (P.47). As before, the only boundary contributions that matter are the leading
ones, which in this case are given by using the expansion

béz,o) (1) = ;T3 + ab(m1) +o(ry 1), i=2,4,6, (B.35)

to give

373

i 3 -
Ohio0) = Ui A3 Y- d@)a (B.36)

M.
S =

where &} = _1/ 2 driod (), and X1 was defined in (B.4). The contribution from the bulk
2 1/2 2 3

Jhogy = 2 Y /0 dVV/ d—T;(Tg L)V R gy

(rh,n)eZ2 2
A2
= —wum / d:n/ dy\/7 e~ (M2 a+h? y)
R)EL?
= —umr 2; 2_1
2 2
1 2 3
= —u 7 <2A - log(xv/27rzce)> <§A3 + Q) . (B.38)
v2 TV?2

Therefore (B.32) becomes for i = 2,4,6

177A3 log(xv/2m2c. )¢ (2)
2w

b oo (v /2 2¢
@@ A (52 1)  LRETN R,

(V202 4200, —i(i+1))hiy 5y = -<3—7T3A4
8 g (20) = Wil 5 +

1

3
2

4+
v

(B.39)
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The terms proportional to A will eventually cancel due to the relation (A.7). Furthermore,
the A% terms are primitive divergences that we will cancel with a counterterm, so their
precise coefficients are not of relevance (there can be no finite remainder since this term
does not correspond to a sensible term in string perturbation theory). These equations are
of the form (B.15) (with a = d = 0), which have solutions (B.16). The explicit expressions
will not be given here but their sum enters the complete expression for [ (23) 0

Now consider the case of h(()2,0) for which the integrand is a total derivative. Integration
by parts shows that the integral only gets contributions from 7 boundary 7'2A =A%)V, so
that

VA 2 R
(v20? + 200, )h(2 0) = —Ew?’ Z / dVV/ d—zTATe_”E

21 (rh,n)€Z2 Fa T2
_ 13 - v A2 / 4 —7V2um? /A2
= 21 A - m dvV=e
m##0
A
= ——C( )CB3) — - (B.40)
V2
Summing all the contributions to [ ((2 0)1 ) gives
d= ~ 12 ~
IG5 = Wmi‘” log(x0/Cla0)) ¢(2) = 25— log(xv/Cla)) C(2)C(3).  (BAL)

where 0(2’0) is an unknown function of z. Note that the term with coefficient 1/v? = 1/R}
corresponds to a finite genus-one contribution in ITA string theory, while the term with
coefficient 1 /v% = 1/Ry; corresponds to a genus-two string theory term, that comes from
the sub-divergences (as indicated by the factor of A3).

The A3 divergence in I gz)l ) is canceled by the counter-term I (d > (2, 0)) of equation (.47)
which contributes

= 7T3C 2 1
Iécéz,é())) :715( )Clv 2 ( log(xv/Cia0) )) (B.42)

to the coefficient of 03 R, where ¢; given in (2:43) (and 0(2’0) is another unknown function
of z). The relative normalisation of the counter-diagram with respect to the double box
diagram is such that the A% sub-divergence cancels. Furthermore, we need to introduce a
counterterm that subtracts the primitive A* divergence,

(4=10) | (d=10) (d=10) 12 ¢(3) | 2¢(2)
1(270) I[> (2 0) + (521(2 0) == —E C(2) |:? + T lOg(-S'U/C(Zo)) . (B43)
The log(—Sv) terms are threshold contributions that correspond to the genus-one and
genus-two string theory thresholds expected from unitarity, as described in the body of
this paper.
B.4 Evaluation of [ ((f 1)10)

(d=10)

We now consider I (1,1) for the term of order oo03 R* in the expansion of the amplitude.

We saw earlier that B(; 1) = Z?:O b?{ Jlr)l , where b{l 3 satisfies the Poisson equation (JA.24).

— 64 —



Extending the earlier cases, this leads to the decomposition
d=10
I((Ll) V=g By b R (B.44)
In this case we have
82 Kl vt b
(m n)eZ? 2

Proceeding as in the previous section we obtain, for j =1,3,5,7,9

(0283—%2@8@—3'(]'—1—1))}1{1’1) ( 3 ahgl 1 (B.46)
where
. VA AV g 1 -
=t B[ 7_22<”j <T§+ ?) +wﬂ2> e (BAT)
(mayez2 70 1 2 2
and
A2 A
j —E
ahﬂ = Z 2/ av ( 8T2b’11 —bzu)ame )‘T:TQM (B.48)
(Th,n)EZ

which again only gets contributions from the n = 0 sector. Furthermore, only the leading
terms of

by ~ €478 + maad(m) + oy ). (B.49)

contribute significantly to Ghzl’l). Setting x = V2/A% we get

A A? d 3 jA2 ) _ ' )
8h?1 1) - 7T4 5 Z / _Lf < ei; + d?)) - 7T'Um2 6] A2 — 7'(/1)/,'}12 T d% e—ﬂmzxv
OX

(1h,R) EZ2 T2
4
_ 7”463A322 ~Tam A
77re3 3 (1 —1 o3 ™ 2
= A — (xf) + 3| 5 2A° — — A log(xv/C) | , (B.50)
V2 V2

where a f 12 dm a3 (11). As before the log(x) term arises from the massless threshold
associated with m = 0 Kaluza-Klein charge in the intermediate states. Turning to the bulk
term (B.47) we write jgl’l) = —27 (v; K1 + w; K2), where

A2
S d 1 e
v Ky +w;Ky = 27 Z / dV/ TQ( j<722+§> +wj> e~mPm) - (B.51)
2

n)EZ2
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where (after introducing x = V/m, y = V1)

K= Z / dmy( i) v 2y +iz)

(mn VEZ2
= w42% 5.1
= 7t <2 A3+%<(3)v‘%> (U%(Xf)_l—i— W?)
2t g 1, 4 3 s 1, m™CEB) T
= 3TN0 g N TRR0N T @), B)

and

R T
M)EL

7T4 wd 1 2
ST mpl <2A - = Tog(xv/0)
2 2 2 V2
4
— 2t A2 2t A L tog(yu/C) + T log?(x0/C). (B.53)
v2

The inverse powers of S in (B.5() and (B.52), originate, as anticipated, from the attempt
to expand the nonanalytic amplitude in powers of S. We can drop these terms, which are
singular in the limit f — 0, following the argument in section P.3.3. Summing all the other
contributions of order S° and S°log(—S) gives

5

_
36
4

. 4
(2167 + 8v;) VoA — % (&5 + 8w;) A?

(63 + 8wy) log(xv/27c.) A (B.54)

(v*05 + 200, — j(j + V), ;) =

T
+—3
4oz

o
3— (3w; log(xv/2m%ce)® +v;¢(3)) .
These equations involve logv and (logv)? factors are again of the form (B:I5) (this time
with a = ¢ = 0) with solutions (B.16). Exploiting these solutions together with the following
facts that follow from the explicit coefficients in appendix [A]

4 4 A
= 2+ 2y+2) - EECTEVCTR R
and
Z‘*: 241 24 Z‘*: |
p (2 +1)(25+2) 15’ p <(2j+1)(2j +2) 187
4
21qaj41 + Sva;
Y (loj1 +8v3501) g (B.56)

(3—(25+1)(2j +2)
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and recalling that /(1) = Z =0 h?f Jlr)l the total result is

3
AmA® | 448((4) C(3)

3 v (B.57)
10g(XU/C(1,1)) .

@=10) _ 91 4 9 @
Iy = 5" A 5 C(4) Vv

27374
54 v

The cancelation of the log?(—Sw) contributions corresponds to the fact that 1/¢? terms

+

cancel in the two-loop diagrams of ten-dimensional type II supergravity, as we will see in
detail in appendix [E.]. The A? contribution is the leading superficial divergence at two
string loop and must be subtracted with no finite residue since it is not accompanied by
a power of v = R?, = g4 2/3 that is an integer power of ¢? 4 and therefore cannot contribute
in string theory. The A3 contribution is a subleading divergence regulated by the counter
term (R.47) leaving a finite genus-three string contribution. The total contribution at order
o903 R is

[4=10) | pld=10) 5

(d=10) 4725 448 ¢(4) ¢(3)
(1,1) > (1,1) 7@

@210 22 (6) o+

) 4555( ) (B.58)

1Og(XU/C(l,l)) .

The first term in this expression corresponds to a genus-three ITA string contribution while
the remaining terms (with the 1/v factor) are genus-two ITA string contributions. These
contributions are distinguished by their distinct zeta function coefficients, so it would look
very unnatural to associate the analytic 1/v term with the unknown scale of the logarithm
in the nonanalytic 1/v term.

Substituting this result into the expansion for the amplitude gives the terms of order
o203 R* as summarized in the text. It is worth noting, in particular, the presence of the
logarithmic term

; “?11) 13
(47)10 466560
which reproduces the result obtained for the coefficient of the 1/e pole obtained by dimen-

o203 log(x) R*, (B.59)

sional regularization around nine dimensions in (E.J).

B.5 Evaluation of I((go)lo) nd I((gz)lo)

In order to analyze the integrals I(3 ¢y and (g 2y we write B, ;) = 22:0 b%;fq) with (p,q) =
(3,0) and (p,q) = (0,2), where b’(“p g Satisfy Poisson equations (A.46). This leads to a

decomposition
0 2 12
Ipg) = ipg) + Mipgy T+ i) (B.60)
where, for k = 2,4,...,12, the components satisfy the equations
5 0? 0 > dav 2
—— 20— / / ) Are™E (B.61)
< ov? v m%:ew 0x Fa 7—2

The components h(()3 0) and h(o ) need separate treatment because they are associated with
the constant contributions b(()3 0) = 12264/715 and b(()0 9 = 2716/165. In this case both the
left-hand and right-hand sides of ([B.61]) vanish. We will return to these cases later.
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B.5.1 hfy ), hfy ) with k>0

Integrating (B.61) by parts and using ([A.46) gives

5 02 0 L
< 2 + 2v8_ —k(k+ 1)> h(P Q) — (p,q) - ah(:mq) ) (B.62)
for (p,q) = (3,0) and (p,q) = (0,2) and k = 2,4,...,12 where
VA
-3 dV dT2
Jpa) = —2m° / / (1+73) [f(]fn q)(Tz +7y )+9(p q)} 5(r1)e”™" (B.63)
(,n)€Z2 Ox
and N
ot~ [ Wy, B e ™ E bk 9 e ) B.64
(pa) = T 0 ( 2%(p,g)© = p.g)92© |T2:Té\ : (B.64)

X
with (p,q) = (3,0) and (p,q) = (0,2). We recall that the eigenvalues are the same for the
two tensorial structures, so

(0%07 + 200, — k) (k + V)AZE = =2 (i Hi+ gl Ha) — Oy, (B.65)

where (after introducing x = V/1, y = V1)

w2 LG

n)EZ?

| 3

775
= 7 (E_l Eg +El E%)
5 2
=5 (5 ze@ot) (o o)
° 1 1 L, Tl
= (—v 210g(xv/0)+2A> (v 2(xf)” +§v2) (B.66)
and
o= 3 / * dady ( \/? n \/§> o (2y %)
2 (mmezz?0 Y y v
5
7T
=9
7o 1 _1 1, Tt
-5 (—v 2log(xv/C)+2A> (v )+ g z) (B.67)

where the terms with inverse powers of x will once more be dropped.
The relevant contributions to the boundary term come from the positive powers of 7
in the expansions

b(p Q) ~ lf q) 75 + O/fp,q) ()73 +0(1). (B.68)
Substituting in (B.64) gives
o 5
Ohfp,q) = — D) ( Age(p Rt 2 Ad]{p,q) E%) ’ (B.69)
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- _r1)2
where al&ﬂ) - f—1/2 al(fp,q)

for k # 0,

(007 + 200, — k(k + 1)) bk ) =
7

——77?)5
4

( 315(¢%

for (p,q) = (3,0) and (p,q) = (0,2).

~2k
\/_A (Bf(pq +89 )"‘504(;[)7

A? (Sf(pq +336(19!1)) ¢(6)

(71) dr1. Putting the various contributions together (B.63) gives,

2) €©)
(B.70)

1) log (v /2n% ) +21 £, C(3)) C(6).

Once again these equations have logv’s on the right-hand side and the solutions were
obtained in (B.16). We also note the values of the sums,

6
k
6

=

26:8f 0) 8900 +5 a0 B
= 3/4-2k(2k+1) -
26:81’ 2 T80 TGy B
= 3/4-2k(2k +1) -
Z f(go +e(30) _ 1733
£~ 2k(2k + 1) 715
5 &0y 16000249
£ 2k(2k+1)2 75150075
B.5.2 Iy ), h{j g

Siso T3¢0 __yq (B.71)
— 15/4—2k(2k+1) N ’ '
Son * Beloy 4 (B.72)
— 15/4—2k(2k+1) N ’ '
fiiy + ¢ 749
Z Ty +cloy _ ) (B.73)
o 2k:(2k: +1) 330
6
25658819
= . (B.74
Z 2k+1 118918800 (B.74)

We now return to the k£ = 0 terms, which are determined by the values of the constants

b(2 0) and b( 9 In this case we can evaluate the integral

h(pq)_ﬂb(pq) Z /0

(h,n)€Z?

for (p,q) = (3,0) and (p,q) =

Mp.q) =

where in h((]p(;)) the 7 integral spans the full fundamental domain, F, whereas h(p 2

0(1)
= hipg)

A
14 dv / —7'(' \m+‘rn\
T2
Fa 2

(0,2). We will write the integral as the sum of two terms,

0(2)
— g

(B.75)

(B.76)
0(2)

subtracts

the integral over the range A%2/V < 75 < oo. In the first contribution we separate the
m = n = 0 term, for which the 7 integral simply gives the volume of the fundamental
domain, [ d*r/73 = n/3. The integral over 7 in the (1i2,7) # (0,0) piece can be ‘unfolded’
to the infinite strip as in [, giving

VA
0(1 dV dt
h(p(,q)) - 5b(()zn q)/o / / Zexp -Tp UV/TZ)
X p#0
610 760
- Ton [T Ton [T ®.77
3 OX V 31) OX V2 ’ '
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The second term in ([B.76) may be evaluated by first performing a Poisson resummation
on one of the integers, which gives a sum over the winding number, 7, and the Kaluza-Klein
charge, m. The integral over 7| projects onto the terms with nm = 0, giving

R0 _ 27T5 vg VA dV & @
(pa) — 0 3
X

1)2 AZ/V t2
510 00
27r b / / dt _quzt +e—nq2t/(vV)>
2/Vt2
760 0
. b(pq) _/ Yav om b(Pq)/ av 1 e~ (VA (B 78)
3 v Jo V2o v 0x ‘/27h¢07ﬁ2 |

where we have dropped the first term of the second line since it is smaller than exp(—mvA?)
and the last line follows by a further Poisson resummation of the second term of the second
line.

0 A 0
00 _ 40 _ ™ g /V v siv _ M/ V. sv
(p,9) (p,9) (p,q) 3 0y Vv v Oy V2

76 b(() )
= ——?fﬂL1og(X/A?c§nqp-+<9(A—l), (B.79)

where C( is an undetermined function of z, but is independent of v. After substituting
the values of b(3 0) and b(0 5) We find

0 386316

_ 2
hiz0) = 143 ¢(6) log(x/A" C30)) (B.80)
28518
h{o2) = —1 ¢ log(x/A* Clo.2)) - (B.81)

Note that in this case the scale of the logarithm is A, in contrast to the earlier cases, where it
was 1/R}, — there is a new primitive divergence. This had to be the case since these terms
are the m = 0 = n part of the L = 2 eleven-dimensional supergravity amplitude, which
is the only part that arises in the limit R1; — oo, where there is a log A divergence. The
more conventional dimensional regularization argument that leads to the same coefficient
for the S% log SR? term is given in appendix E. The pole residue in (E.I() matches
perfectly with the above coefficient (once the differences in the conventions used for the
normalization are taken into account).
In order to compare with the string result we will write

386316
h(3 0~ 13 ((6) (log(xR3,/C(3,0)) — log(A*RY)))
386316
= ¢6) (log(xgi/Cz.0) — log(A%v)) , (B.82)

where the first term on the right-hand side combines nicely with the contributions from
hl('3 0) with 4 # 0 to reproduce the correct threshold term. The left over part is to be
subtracted by a new counterterm.
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(d=10) ~ 1(d=10)

B.5.3 I(370) s L(0.2)

and counterterm contributions

The values of h2% . and h?g ) for kK =0,...,6 determine the solutions,

(3,0)

100647

(d=10) 343
I =1 A
687 ((6) vz A° + 5

(3,0)

¢(3) ¢(6) — 3465 ((6) log(xv/C30))  (B.83)

and

15827 6615

15" = 1687 C(6)v2 A® + —==C(3)C(6) — = C(6) log(xv/Clog) . (B.8Y)

(0,2)
The A3 terms are canceled by the counter-term diagram (B-47) and replaced by finite
contributions that are interpreted in the ITA string coordinates as genus-four perturbative
contributions.!® There are two distinct terms in (B:83) and (B-84) that have no power of v
and are independent of A (they are finite terms). These correspond to genus-three ITA string
contributions. The log(xv) term corresponds to the genus-three part of Es o 55 log(x). The
genus-one string part of this expression does not arise from two-loop supergravity diagrams
considered in this paper, but it is easy to see from dimensional arguments that it should be
obtained from the three-loop amplitude of eleven-dimensional supergravity. The A3 terms
are one-loop sub-divergences regularized by the counter-term diagram of equation (R.47)

d=10 3 100647
L0y + 150y + 02l = 210C(8) 03 + e ((3) C(6) — 3465.C(6) log(xv/Cls))
(B.85)
and
— 3 15827 6615
T2+ Iécéoé())) + d21(p,2) = 210¢(8) v2 + 1—10C(3)C(6) 5 €(6) log(xv/Cio,2)) -
(B.86)

C. Quasi-zero mode modular functions

In this section we will evaluate the coeflicient 5((22)0()] of the 03 R* term in ([£30) and the

coefficients 5((5)0()] and 5(((?)2()] of the S R* terms in (.32) and (f.33). These are the cases in

which modular function in the integrand, By, 4)(T) = b(,.q), is a constant so the eigenvalue

in the inhomogenious Laplace equations is zero and the source term vanishes. We will see
by direct evaluation that in these cases the coefficients satisfy Laplace equations of the
form

D
(mo _ ~ma)
AQS(nq) =5 (C.1)

where D(p,q) are constants.

16Since at order S® R* the diagram regulating the one-loop sub-divergence gives a result proportional to
06 = 03 /4 + 03 /3, it is necessary that the A® coefficients for I3,0) and I(g2) are the same.
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C.1 Evaluation of 5((22’)0())

In the (2,0) case we know that there is a two-loop supergravity threshold (which will be
explicitly evaluated in section [{]). This is associated with the zero Kaluza-Klein modes in
the loops, so here we will use the Kaluza-Klein basis for the sums, which means we need
to evaluate

2)0 4V2 _ 43,
5(2 0) I( ) —2 b(2,0) K (CZ)
where b(2 0 = —13/21 and
K 77_3 / vt av / G [(metrn) r(m4-7n)
V2 {m17n1}624 Ox Fa 2
— 7T_2 / dV / ﬂ e Vi Vry v292vf2 |m14+n17+Q(ma4ngT)| > —27 2AN2Z21 %2‘/2 1 (‘0‘3)
2 (. n]}EZ4 Ox Fa 72

This will be analyzed by separating the integrand into sectors with different patterns of
vanishing coefficients,

VA 2
. dVv d=t
E : K(m17n1)(7nz,nz) = /0 /]__ 2 m1,n1)(m2 na) - (C 4)
X A

mi,n1,m2,n2 m17n17m27n2

K

It is convenient to decompose the sums as follows,

Z J(mlml)(mmnz)

mi,n1,Mm2,n2

=Jo0o0) * Y.,  Jmaoot Y. O Jonin)mem) (C.5)

(m1 ,nl);é(0,0) (mg,ng);ﬁ(o,o) mi,ni
=J00©00) * D D Jkpka©00) T D D D Jomama)kepksa) -
(p,q) k170 (p,q) k270 m1,n1

where p, g are relatively prime. We may now perform the ‘unfolding trick’, which replaces
the integral of the sum over p and ¢ over Fp by an integral of only the (p,q) = (1,0) term
over the rectangle Rp: {0 < 7 < A%2/V,1/2 <7 < 1/2}. In principle, in the presence of
the upper cutoff 75 < A%/V this unfolding leads to a very complicated 71 and V-dependent
lower cutoff on 7. However, as we will see, the results we need are not sensitive to the
lower end of the 7 integral and we will set this to zero. This gives

d>r
— Jq
/‘7:/\ 22 mi an;"bz,m ) manne)
A>T
—a Z J(kl, 0)(0,0) +Z Z Jm17n1 )(k2,0)

Z/ J(oo )(0,0) /
Fa k1#£0 ko7#0 m1,m1

:/f J(oo(oo oy J(k1,0)(k2,0) Z Z Jm1n) (ka,0) |
A

2\ (k1 ko) ;A(o 0) n1,ka£0 m1
(C.6)
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This is a decomposition into the sum of singular, degenerate and non-degenerate orbits of
SL(2,Z) in the language of [f.

Consider first the m; = ny = 0 term, which contains the log() factor. In this case
J = /34 O(V/A?) and the result is

3

o log(x/CA2)+0(V2 ), (C.7)
2

K(0,0)0,0) =

where we have only kept the leading term in the limit Vo — 0, which is the part that
behaves as V2
The second term in ([C.6) leads to

73 dV dmo T
K (11.0)(k2,0) = T3 / - / —5 eXP <—7!k1 +k292\2>
3 VA A
— 772 / av dy exp <__7ry L3} +k‘292|2> ; (C.8)
23&0

where we have defined § = (V72)~!. It is easy to see that this depends linearly on A? and
has an overall power of V; ! so it does not contribute to the term proportional to 123 2 and
can be ignored here.

The last term in () leads to

nlovhay o @2
T — ot |mi+n17+Qka |24+ 2 n1 ko
VooV A%
E K(ml,nl)(kg, g Z/ / = e Va222Vr 2 .
k1,k27#0 n1>0,ka#0 m1+0 Ra "2

(C.9)

Integrating over 7 gives the expression

VA A2V
S Kmm)e0) = 1o 2 (1;292)% 3 / av / / drory ¢ amve (T HRE0D)
k1,ka7£0 2 n17#£0,ka£0
VA A2 209
)2 (V2Q2)% > / dV/ dyy~s o~ Vi (TR
2 1170,k #0
(C.10)

where y = V1. Since each term in the sum is dominated by the V cutoff, we will perform
a Poisson resummation of the integer n; after adding and subtracting the n; = 0 term,
which is proportional to [ dV ~ A2. Since we are here not keeping terms that are powers
of the cutoff (since they will not have the appropriate power of Vy %) we will drop this
term. After the Poisson resummation the result is (again dropping terms that are positive
powers of A and are therefore not of order V; ?)

Q _mwv? o
Z K(M1,m)(k2, T2 Z Z/ av'v dyy_2e 2y2 (n')?—m v;ykz

k1,ka#0 n170 fy£0

A? 2
Z/ W it :_2— ((2) log(A*V2 /),

ka#0
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(C.11)

2)
(2,0)
not have a power of A) gives a contribution

Therefore, the total contribution to [ proportional to Vy 2 (which therefore does

2
K = =225 ((2) log(xV2/ ). (C.12)
2
so that from (C.2) we have
104
£l = 1 $(2) 1og(xV2/C), (C.13)
so that 104
Aoy = -7 ¢2)- (C.14)

C.2 Evaluation of 5((5)0) and 8((&)2())
The terms of order S®R* will contribute to a logarithmic eleven-dimensional threshold

1 ~J

term, which means that the zero winding number sector m" = n’ = 0 possesses the

singularity. In the winding number basis the expressions we need to evaluate are

6o 16 16 .

5(3,0) = 3n2 5 13000 b(3 0) K,

6)0 16 16 .
5(<0’>2) = 33020 b(2 oK. (C.15)

where N
A VEav d*r _ %[(*4_ A)I(A_i_M)J]

K=nm — —— e " LmATREAmATTEL C.16
Z Oy Vv Fa T22 ( )

{mr,ns}

We will now decompose the sums in the same manner as in (C.3) ,(C.6), writing
- . avoodir
K= Z K1 atyom2,p2) = Z / / St Aty (m2,72) - (C.17)
il Al 2 A2 mlalm2a2 Y Ox Fa 2

and

d*r A
—5 Jimt A1V (52 22
/fA 72 Z (mt,at)(m?,n?)

Al 2 2

27 . A A A
= ]__A?J(Oﬁ)((lo)—" RA—2 Z ‘](151,0)(1%2,0)+ Z Z J(ﬁ"blﬁl)(fﬂz,()) ’

T A - N
2 2 \(hr,ko)#(0,0) Al a0 !

The zero winding number term is given by

. T
K0.0)00) =7 3 log(x/CA?) + O(Vo—1), (C.18)
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The second term in ([C.1§) leads to

VA A2V
A dV dro WV - A
§ : K (k1,0)(k20) = / /0 exp <_7T—Qm k1 + k292!2>
X

2
E1,k270 2 k2

w5/ dV/ djj exp (—wﬁv@\/%ﬁ/%mﬁ), (C.19)
Q
k1 kg;éO

where § = (Vp) 7!
The last term in (C.1§) leads to

viav
Y Kanswan =7 X T[T G [ FeE

k1,ka7#0 Al kea£0 ™1

7rV2V

|m +alT+Qko|24+27V Vo Al ko

(C.20)
Integrating over 71 gives

A~ Q2
Kot aviooy =™ | —
> K anyino) = 7 <V2>

(SIS

vA A2V : VoV . A
Z / dV / d7_27—2_% e 92272 (AY)?734+k393)

k1,k270 A1 #£0,ka#0 Ox
1
A dedy —» W_
—w ()] X [ IR, (c21)
V2 N - xry2
N170,k27#0

where x = V/19 and y = Vu. The y integral may be performed without worrying about

1
* dy —r2(ply2y <V2>2
- e Q2 = — —_— ; C22
/0 y% f;;;O 3 Q2 ( )

where we have used the analytic continuation of the Riemann zeta function to write

S|ni| = —1/6. The  integral in (C21) gives

the cutoff and gives

A2
[ S e 5 (10) — log(x/C A7) = ~log (V2 92 82/C) ~log(x/C?),
Ox k270
(C.23)
where we have subtracted the ky = 0 term (proportional to log(x)) from the sum that
defines X7 in (E) and discarded the term proportional to S _%, which is accompanied by

a factor of V, 2

Substituting ([C.29) and ([C.23)) into (C.21)) and combining this with ([C.1§), which is

the other contribution that does not have a power of A, gives the total contribution

2
K= 7'r5E log <V2§(Z§A > , (C.24)

3
so that, from (C.19),

c®0 _ 12264 64¢(2)? 1 <V2§22A2>
é I

(3,0) 715
6)0 2716 Voo A2
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Note that, as had to be the case, the log(x) in the zero-winding sector cancels with the
effects of non-zero winding. The Laplace equations satisfied by these coefficients are

Nge®0 12264 ) o A

5(6)0 2716
(3,0) 715

02 = Tg5 04 ¢(2)?. (C.26)

D. Weak coupling expansion of the generalized modular functions

In the main text we found modular functions which are defined by Poisson equations in
the fundamental domain, of the general form

[Aq —s(s—1)]E(Q) = S(), s>0. (D.1)

Here we determine the perturbative part of £ for a general source term S with a zero mode
expansion given by

N
SQ) = an 50" + Seusp(2) - (D.2)

n=0
We assume that the polynomial part does not contain €25 or Q%_s (either because s >
N —1—mngp, s > ng or because as = aj_s = 0). For the relevant cases ng will be an
integer or half-integer number. S, is an exponentially suppressed contribution, which

nevertheless will contribute to the perturbative (power-behaved) part of £.

The general structure of the zero mode expansion of the solution £(f2) of (D.1]) is the
sum of the particular solution with the source term and a solution of the homogeneous

equation
5( ) N Q{n Szgo—n o s ﬁ 1—s O(e ( )) (D 3)
n:O: (no—n)(ngp—n—1) —s(s —1) {2 Q577 + O(exp(—22 )

The parameters a and (3 are integration constants which are fixed by boundary conditions.
For the cases appeared in the main text, one must impose that & = 0 because s is such
that €25 is more singular than the tree-level contribution in the weak coupling limit.

D.1 General method for determining § terms

The value of 3 is determined as in section 5.4 of [§] by integrating over the cutoff fun-
damental domain for SL(2,Z) the product of £ with the Eisenstein series Es —which is a
solution of the homogeneous equation associated with (D.1)). Then we perform the partial
integrations as
d’*Q d*Q -
0= / e (a—st-NE)E= [ GRS +/ (BE.E — E0E) (D)
Fr %2 Fr °"2 0FL
Computing the boundary term, we find
d*Q

= EsS(Q) =2¢(2s) (1 —25) 8
L N
an(no —n — ) stng—n— D.5
+2<(2s)n§::0 (no—n)(no—n_l)_s(s_l)L+ 1 (D5
+ 0L
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where we have only displayed the terms that do not vanish when the cutoff L — co. Since
B = 3 Smy-Q)F, (D.6)
YEL s \I'

the integral on the left hand side can be evaluated by unfolding the Eisenstein series F,
giving that in the limit of large L

/0 dQdy 2C(25) Q5 S(Q) =2¢(2s) (1 —25) 3

Q2 N (no ) (D.7)
) anp(ng—n—3s s+ng—n—1 .
FH) 2 - -6
+O(L™h

The power-behaved terms in L in (D.5) cancel against the contributions from the power-
behaved terms in S, so that the value of 3 is determined by the projection of Scyg, on Es:

1 - 25 ﬁ / sz QS cusp(Q2) . (D8)

D.2 [ coefficients arising from a source E31E32

For the particular case of a source term given by the product of two Eisenstein series,
E; E,, the B-coefficient can be given in a closed form. Substituting the well known large
Qs expansion of the Eisenstein series (see e.g. [§) into the right-hand side of (D.§) we find

s © dt 327T31+32 01-25,\MN)01—-925,\T
(2s-1)80) ) :/0 PP DT )Kl_%(Qﬂ'an)KSZ_%(%Tan)

tl—sr(sl)r(82) = nl—s1—s2 s
L eidea 0125 (n)01-25,(n)
— ApS1Ts2—s Z n;+1—81—82 (Dg)
n>0
y T (8—81582-{-1) T (S—I—Sé—sz) T (8—854-82) T (S+81-582—1) 7
['(s)I'(s1)C(s2)

where we have used the result for the integral of the product of two Bessel functions,

- 1
m—1 -
/0 ™" K, 1(H)K, 1(t) = 23=ml(m)

F(m—nZ—p+1>P<m+g—p>r<m—;+p>r<m+n;—p—1> .

Using the fact that o,(pg) = 04(p)oa(q) for p and ¢ prime and the fact that all integers

(D.10)

can be decomposed over a product of primes, one easily establishes that

Z oa(n)op(n) _ ¢(r)¢(r —a)¢(r —b)¢(r —a—b) (D.11)

= n’ C(2r —a—»b)

whereby
Asitsz (s — 51 — s+ 1)(*(s+ 51 — 52)C* (s — 51+ 52)C* (s + 81+ 852 — 1)

[(s1)0(s2) (2s — 1) ¢*(2s) 0 12;

©
Blsnse) =

with ¢*(s) = C(s)I'(s/2)/7%/2.
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E. Two-loop four-graviton supergravity amplitude in various dimensions

In this appendix we will consider the two-loop four-graviton amplitude of maximal super-
gravity in Minkowski space in nine, ten and eleven dimensions using dimensional regulariza-
tion. These results make contact at various points with our discussion of eleven-dimensional
supergravity compactified on a circle and on a two-torus. We follow the analysis described
in 27, g and P9 based on a dimensional regularisation adapted to the ten and nine
dimensional case. Although the ten-dimensional and eleven-dimensional results are in the
literature [Lg] we include them here for completeness.

E.1 Ten dimensions

The amplitude in D = 10 — 2¢ dimensions takes the form

Afllo_ze):R‘l((—S) [IP(IO 26)(5 T)+IP(1O 25)(5 U)+INP(10 26)(5 T)+INP(1O 25)( ,U)]

S
H(-T)? [IP(10—26) (T, S)+IP(10—25) (T, U)+INP(1O—25) (T, 8)+ 4 [NP(10-2¢) T U) ]
(U [IP(IO 26)(U T)+[P(1O 26)(U S)+INP(10 26)(U T)+[NP(10 2¢) U S ])
(E.

The contributions I¥ and I’V are the scalar field theory double-box diagrams as described
in section .

These integrals can be analyzed efficiently using the Mathematica package described
in [B]. The integrals can be reduced by a repeated use of the first and second Barnes’
lemma given in the appendix D of [7, BI] to reproduce the result of the appendix C of [[[]
The planar amplitude I7(S,T) is given by

(—Sp2)3—2¢ 2 4S+T 637°—-2528T% 55527470453 0
(4m)10 \ 7150 Sz 700 - 9!53¢ +0(€) ).

IP(10—26) (S, T) —

and the non-planar amplitude takes to form

(—Spu?)3-2 71 N 1 91782 +2TU
(4m)10 71-5le¢2 309! S2e

where 4 is an arbitrary scale and we have made use of the on-shell condition S+7T+U = 0.

INP (10—2¢) (S, T) —

+(9(60)> . (E3)

The terms of O(€”) are functions of the dimensionless ratio T/.S.
The 1/€? pole cancels (on-shell) in the S-channel part of the amplitude, A giving
IP (10—2¢) (57 T) + IP (10—2¢) (57 U) + [NP (10—2¢) (57 T) + INP (10—2¢) (57 U)

1 508°+58TU

_ 0
o (4m)t0 6!%¢ +0(e)-

(E.4)

The € pole contributes to terms proportional to log(—Su?), which are not symmetric in the
Mandelstam invariants. However, summing all the contributions and using the mass-shell
constraint the total amplitude takes the symmetric form

Q(10-20) _ 13

4 0
S S . E.
4 @m0 a66560¢ *2 7% +OE) (E-5)
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The striking cancelation of the 1/e? pole separately in the S, T and U-channels, corresponds
to the cancelation of the terms proportional to log?(—S), log?(—T) and log?(—~U) in the
circle compactification of the term of order S°R?* analyzed in appendix [B.4 and of the
(log ©22)? dependence in the £ 1)(£2) coefficient of equation (f31)).

Under a rescaling (S,T,U) — Q3 (S,T,U) the amplitude behaves as

13

-5 4(10-20) _ 4(10-2¢)
2 AT T 10233980

o903 log s . (E.6)

The log Q3 term (properly normalized) should be related to with the log Qs term in (£.31).

E.1.1 The triangle counterterm diagram

The ten-dimensional two-loop amplitude receives an extra contribution from the triangle
diagram with the one-loop counterterm A, of equation (2.47). In the dimensional regular-
isation scheme the triangle loop amplitude in D = 10 — 2¢ reads

I(10—2s)(5) _ / dlo 2¢p
g S 2m)0 ) 20— p1)2(l — p1 — p2)?
_ _$ 2—2¢
= T332y (=S9) (E.7)

This pole in ¢ leads to a contribution of order S* log(—S). This is interpreted in the S*
compactification to type ITA string theory as a genus-two threshold contribution. Unitarity
requires the presence of this term since the discontinuity across the threshold is the product
of the genus-one R* term and the leading contribution from the tree-level amplitude. To
pick out the coefficient we can perform a rescaling of the Mandelstam variables (S,T,U) —
Qo (S,T,U) this amplitude behaves as

Q4 AT 4 (10729 o2 log Qs (E.8)

1
(47)> 72

which corresponds to the two-loop S log 25 term that would be contained in a modular
function describing the terms at order S* R* in ten dimensions.

E.2 Eleven dimensions

In similar fashion the planar and non-planar scalar field theory integrals that contribute
to the two-loop amplitude in D = 11 — 2¢ dimensions are found to be given by

7 121008* —88053T + 2155272 + 305T° + 127
(4m)11 e 9451728000

7 1403835 — 1138 S?TU + 144 U?T?
(4m)1 ¢ 79394515200

IP(11—2€)(S, T) — (_S)—2e —I—O(EO)

INPOI=29 (9 T) = (—8) > +0(%)  (E9)

The resulting amplitude is

g2 _ 1 1971 03 + 2522 03

= - O(e) . E.10
4 Gm)T < so0sss000 O (E-10)

in agreement with the results of [[Lf].
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The 1/e pole in (E.I() gives a S®R? term in the amplitude in eleven-dimensional
Minkowski space that should correspond to the zero-winding sector of the two-loop am-
plitude at order S®R* in the compactified theory. In section we determined the
zero-winding coefficients h(()370) and h(()072) (see (B-80) and (B.81))). Referring back to the

normalizations in equation (R.55), we see that these zero-winding terms agree precisely
with (E.I0) with 1/e replaced by log A?/C (where C is an undetermined constant).

E.3 Nine dimensions

The planar and non-planar diagrams in nine dimensions also have logarithmic branch
points. These arise from the coalescence of the square root branch points of the individual
one-loop integrals. For completeness, we note the result of an analysis of the the planar
and non-planar diagrams in D = 9 — 2e dimensions analogous to the one of the preceding
sub-sections, giving

7w —45S24+18ST + 272

IP,(9—2E) T) = §2—2¢ 0
(S.T) =57 399168 ¢ 52 +0(e)
- 7552 +2TU
INP(9-26) (g T []) — 22 ” 0y . E.11
(STU) =" opaszenn 52 T O (E-11)
Collecting all the contributions one finds in agreement with [[Ld]
—9% 1 1 1

A9-2) _ ST 2R 4 O . (E.12)

= T8¢ (4m)® 9072 72
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